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We investigate the subradiance properties of n ≥ 2 multilevel fermionic atoms loaded into the
lowest motional level of a single trap (e.g. a single optical lattice site or an optical tweezer). As
pointed out in our previous work [1], perfectly dark subradiant states emerge from the interplay
between fermionic statistics and dipolar interactions. While in Ref. [1] we focused on the n = 2
case, here we provide an in-depth analysis of the single-site dark states for generic filling n, and
show a tight connection between generic dark states and total angular momentum eigenstates. We
show how the latter can also be used to understand the full eigenstate structure of the single-
site problem, which we analyze numerically. Apart from this, we discuss two possible schemes to
coherently prepare dark states using either a Raman transition or an external magnetic field to
lift the Zeeman degeneracy. Although the analysis focuses on the single-site problem, we show that
multi-site dark states can be trivially constructed in any geometry out of product states of single-site
dark states. Finally, we discuss some possible implementations with alkaline-earth(-like) atoms such
as 171Yb or 87Sr loaded into optical lattices, where they could be used for potential applications in
quantum metrology and quantum information.
I. INTRODUCTION
The coupling of a single emitter, e.g. an excited atom,
to the vacuum electromagnetic field leads to single-
particle spontaneous decay. When more atoms are placed
close by, the same coupling to the vacuum makes the
atoms exchange photons, leading to coherent dipolar in-
teractions and incoherent cooperative decay processes.
These processes give rise to a broad range of collective
phenomena such as subradiance, where destructive inter-
ference between different single-particle and cooperative
decay processes leads to suppressed decay rates, com-
pared to independent emitters. Due to their long coher-
ence times, subradiant states can be of potential use for
quantum metrology, quantum information and integrated
photonics.
The first studies of subradiance (and superradiance)
date back to Dicke [2], who studied the radiation prop-
erties of closely-packed ensembles of two-level atoms. In
the limit where the distances are much smaller than the
transition wavelength, r  λ0, Dicke linked the emis-
sion properties of the system with the total angular mo-
mentum eigenstates of the collective spin of the atoms.
For example, for two atoms the symmetric triplet state
(|ge〉+|eg〉)/√2 is superradiant, whereas the antisymmet-
ric singlet state (|ge〉−|eg〉)/√2 is subradiant. When the
atoms are close enough to each other, however, quantum
statistics becomes important and can give rise to new
subradiant (and superradiant) states, as we will see in
this work.
In recent years, subradiance has been the focus of
much theoretical research. So far, most works have stud-
ied either two-level systems [3–20], or systems with a
J = 0↔ 1 transition [21–26]. Note that in both cases the
systems possess a unique ground state. Moreover, due to
the difficulty of the many-body problem, most studies
investigate subradiant states where a single or few exci-
tations are shared among all atoms. This type of subra-
diant states has been shown to have interesting applica-
tions for quantum memories [8], atomic clocks [10], mir-
rors [18], excitation transport [11, 23], or to create topo-
logical states [16, 17, 25–27] or entangled photons [15].
On the experimental front, however, the observation of
subradiance has been challenging. This is evidenced by
the relatively few experiments reporting subradiance [28–
37], as compared to its superradiant counterpart. One of
the main difficulties lies on the fact that subradiant states
are generally hard to prepare and rather sensitive to im-
perfections. Moreover, typical proposals for subradiance
require the atoms to be very close to each other compared
to the wavelength of the transition.
In this work, we consider multilevel fermionic atoms
in an array with generic n ≥ 2 atoms per site, and thus
extend our previous results [1]. The multilevel structure,
especially the ground-state degeneracy, makes this prob-
lem hard to address. Because of this, only few works
have looked into subradiance for multilevel systems with
degenerate ground states [38, 39]. However, these addi-
tional degrees of freedom also provide new possibilities
for the creation of interesting quantum states of matter.
The key element in our work is the assumption that the
n atoms within a single site are prepared in the lowest
motional state and that motional excitations are ener-
getically suppressed. This can be achieved in an optical
lattice or in tweezer arrays by increasing the onsite trap-
ping potential. In this regime, fermion statistics restricts
the allowed states of the internal levels of the atoms, and
this in turn blocks certain decay channels that would not
be blocked for single atoms. As shown in Ref. [1] for
filling n = 2, the combination of fermion statistics with
the multilevel structure gives rise to a large set of dark
states with remarkable features. They are independent
of lattice geometry, in particular they do not require sub-
wavelength arrays, they can support up to one excitation
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FIG. 1. Summary of proposed platform. We consider (a)
n fermionic atoms loaded into the motional ground state of a
single trap. Each atom has a (b) multilevel internal structure
with angular momentum fg in the ground state (blue colors)
and fe in the excited state (red colors). (c) We consider an
arbitrary array of such traps with n atoms per site, which
could be realized with an optical lattice or optical tweezers.
(d) The atoms can spontaneously decay to different ground
states. (e) An atom in a ground state can block the decay
of an excited atom due to fermionic statistics. (f) Atoms at
different sites, as well as on-site, interact with each other via
coherent and incoherent dipolar exchanges mediated by light.
Note that the polarizations of the transitions involved need
not be the same.
per site, and they can be coherently prepared.
Here, we extend the study to include higher fillings
n ≥ 2 and provide an in-depth analysis of the single-site
problem for n dipolar-interacting multilevel fermions in
the same motional state. In particular, we show how
the basis of total angular momentum states naturally
emerges as a suitable description for the eigenstates of
this multilevel problem. Using this, we discuss how dark
states can be found in a straightforward manner by look-
ing at the decay channels and multiplicities of the states
allowed by fermion statistics. In addition, we discuss two
different schemes to coherently prepare the dark states,
using either a Raman-like transition or an external mag-
netic field, respectively. The dark states proposed here
can be readily implemented e.g. with alkaline-earth(-like)
atoms such as 171Yb and 87Sr in optical lattices, and can
have potential applications in metrology and quantum
information.
This work is structured as follows. In Sec. II we
introduce the multilevel dipolar master equation used
throughout. In Sec. III we define and discuss the proper-
ties of total angular momentum eigenstates. An in-depth
analysis of the dark states is presented in Sec. IV, whereas
Sec. V numerically analyzes the properties of the remain-
ing eigenstates. The two different excitation schemes
are detailed in Sec. VI, possible implementations are dis-
cussed in Sec. VII and concluding remarks are given in
Sec. IX. The appendices contain additional information
on the derivation of the master equation and onsite in-
teraction (Apps. A and B), the properties of the dipole
operator (App. C), and the dark states (Apps. D, E and
F).
II. DIPOLAR MASTER EQUATION
We consider arrays of multilevel fermionic atoms with
n atoms per site, which can be realized by loading the
atoms into, e.g., an optical lattice [40] or tweezers. We
assume that the atoms are pinned at their corresponding
site and that they are in the motional ground-state of the
trapping potential. This can be achieved in the limit of
a deep trapping potential, such that tunneling between
different sites is suppressed, and the energy to the next
motional band (which is of the order of the onsite trap-
ping frequency) is much larger than typical atom-atom
interactions and the lattice photon recoil energy. The lat-
ter is characterized by the Lamb-Dicke parameter η  1
with η = 2pi`/λL [41], where ` =
√
~/(2mω) is the width
of the ground-state wave function, λL is the wave-length
of the trapping laser, and ω is the trapping frequency.
Each atom is a multilevel fermion with an internal level
structure consisting of a ground state manifold with total
angular momentum fg and an excited state manifold with
fe, separated by an energy ω0 = ck0. We consider three
different types of level structures relevant for one-photon
transitions:
multi-Λ : fe = fg − 1,
multi- : fe = fg,
multi-V : fe = fg + 1.
(1)
We label the set of 2fg + 1 degenerate ground states by∣∣gmg〉 ≡ |g, fg,mg〉 with mg ∈ [−fg, fg], and the set of
2fe + 1 degenerate excited states by |eme〉 ≡ |e, fe,me〉
with me ∈ [−fe, fe]. Unless stated otherwise, the ground
(excited) states will be assumed to be degenerate.
3A. Light-matter Hamiltonian
We consider the coupling of the atoms to the electro-
magnetic field in dipole approximation. The total light-
matter Hamiltonian for this system is given by
Hˆtot = Hˆatom + Hˆfield + Hˆaf. (2)
Since the atoms are assumed to occupy the motional
ground state only, we do not include here the motional
energies. The second-quantization Hamiltonian for the
atomic energies is given by
Hˆatom = ~ω0
∑
m
∫
dr σˆemem(r) (3)
Here, σˆambn(r) ≡ ψˆ†am(r)ψˆbn(r) and ψˆ(†)am(r) are annihila-
tion (creation) operators of fermions in the internal level
|am〉, with a, b ∈ {g, e}. They fulfill the anticommutation
relations {ψˆam(r), ψˆ†bn(r′)} = δab δmn δ(r− r′).
For the light field we consider a discrete set of vacuum
modes in a finite volume V 1 given by
Hˆfield =
∑
k,λ
~ωk
(
aˆ†k,λaˆk,λ +
1
2
)
, (4)
where ωk = ck and the electromagnetic vacuum modes
fulfill
[
aˆk,λ, aˆ
†
k′,λ′
]
= δkk′δλλ′ , with λ labeling the two
polarization modes.
The atom-field coupling in the dipole approximation is
given by Hˆaf = −dˆ · Eˆ2 with dipole operator dˆ = er and
electric field operator Eˆ. This can be expanded as
Hˆaf = −
∑
m,n
∑
k,λ
∫
dr gk
(
demgn σˆemgn(r) + h.c.
)
·
(
k,λaˆk,λe
ikr + h.c.
)
, (5)
where demgn ≡ 〈em| dˆ |gn〉 is the dipole matrix ele-
ment between the atomic states em and gn, and gk ≡√
~ωk/(2ε0V ) with dielectric constant ε0.
The matrix elements of the dipole operator can be ex-
panded using the Wigner-Eckart theorem [42] as demgn ≡
dsphmn d
rad
ge /
√
2fe + 1, where d
sph
mn is the spherical and d
rad
ge
the radial part. The radial part can be related to the
total decay rate Γ ≡∑n Γem→gn by
Γ =
ω30
3pi0~c3
|dradge |2
2fe + 1
. (6)
1 The limit V →∞ is taken at the end.
2 This is valid in the limit k · r 1, where k is the wave-vector of
the electromagnetic mode and r gives the typical spatial exten-
sion of the atom.
The spherical part can be expanded in Clebsch-Gordan
coefficients as (q = 0,±1) (see App. C)
dsphm+q,m = C
q
m e
∗
q , (7)
where Cqm ≡ 〈fg,m; 1, q|fe,m+ q〉. The polarization vec-
tors are defined as e0 ≡ ez and e± ≡ ∓(ex ± iey), where
ez defines the quantization axis. Note that the coeffi-
cients Cqm depend on fg and fe, but we suppress it in the
notation for simplicity.
B. Master equation
Expanding the atomic field operators in the Wannier
basis of the lattice, and using a standard Born-Markov
approximation to trace out the photon degrees of free-
dom [43–45] (see App. A), we derive a master equation
dρˆ/dt = −i[Hˆ, ρˆ]+ L(ρˆ) for the density matrix ρˆ of the
atomic excitations with
Hˆ = −
∑
i,j
∑
q,q′
Ri,jq,q′ Dˆ+i,q Dˆ−j,q′ , (8)
L(ρˆ) = −
∑
i,j
∑
q,q′
Ii,jq,q′
({
Dˆ+i,q Dˆ−j,q′ , ρˆ
}
− 2Dˆ−j,q′ ρˆ Dˆ+i,q
)
.
The Hamiltonian part accounts for coherent dipolar ex-
change interactions between the atoms (collective Lamb
shifts), whereas the Linbladian part accounts for inco-
herent exchange and contains both single-particle spon-
taneous decay as well as cooperative decay.
The Dˆ±i,q operators can be seen as multilevel raising
and lowering operators. These operators essentially cor-
respond to the spherical part of the dipole operator, and
the three components (q = 0,±1) form a vector (see
App. C). They are defined as Dˆ+i,q ≡ (Dˆ−i,q)† and
Dˆ−i,q =
∑
m
Cqm σˆ
(i)
gmem+q . (9)
Here, σˆ
(i)
gmen ≡ cˆ†i,gm cˆi,en , where cˆ
(†)
i,am
annihilates (cre-
ates) a fermion at the lowest band of lattice site i
with internal level |am〉 (a = g, e), and {cˆi,am , cˆ†j,bn} =
δij δab δmn. In essence, the operator Dˆ−i,q is a sum over
all possible decay processes of any of the atoms at site i
from an excited level |em+q〉 to |gm〉 for fixed polariza-
tion q and weighted by the Clebsch-Gordan coefficient
Cqm. Thus, the master equation describes all photon-
mediated exchange processes between two atoms where
an excited atom at site j decays to a ground state via
polarization q, and a ground atom at site i is excited to
an excited state via polarization q′.
The strength and viability of the exchange process de-
pends on the polarizations q and q′ of the involved tran-
sitions and on the relative distance between the atoms
through the coefficients
Ri,jq,q′ ≡
(
e∗Tq ReG
ij eq′
)
, (10)
Ii,jq,q′ ≡
(
e∗Tq ImG
ij eq′
)
. (11)
4For atoms at different sites (i 6= j), these coefficients
can be written as Gij = G(ri − rj), where G is (propor-
tional to) the electromagnetic dyadic Green’s tensor in
vacuum [46]
G(r) =
3Γ
4
{[
1− rˆ⊗ rˆ]eik0r
k0r
+
[
1− 3 rˆ⊗ rˆ]( ieik0r
(k0r)2
− e
ik0r
(k0r)3
)}
, (12)
where rˆ ≡ r/|r|.
The onsite (i = j) interaction coefficients are given by
an integral of the dyadic Green’s tensor over the Wannier
functions (see App. B) and generally depend on the ge-
ometry of the onsite trapping potential. While our main
results are independent of the specific shape of the trap,
we will discuss some qualitative consequences of the on-
site terms on the eigenstates of the system. For that we
will consider the limit of a deep axially-symmetric onsite
trapping potential (k0r  1), and define the axial sym-
metry axis as eLz . Notice that e
L
z need not be parallel to
the quantization axis ez. The onsite coefficients can then
be written as
ReGii ≈ 3Γ
4
U(k0, `)
(
1− 3 eLz ⊗ eLz
)
, (13)
ImGii ≈ Γ
2
1, (14)
where the function U(k0, `) controls the strength of the
coherent interactions and depends on the wave-function
widths ` = (`x, `y, `z) with `x = `y ≡ `⊥. Specifically, it
is parametrically given by U(k0, `) ∝ (λ0/λL)3 (νzν⊥)3/8,
where νz is the depth of the lattice potential along the e
L
z
direction in units of the recoil energy, and ν⊥ the depth
of the potential in the perpendicular directions. In the
limit of a radially symmetric trap one finds U(k0, `) = 0.
A more detailed analysis of this function is provided in
App. B.
III. TOTAL ANGULAR MOMENTUM BASIS
AND DIPOLE OPERATOR
Throughout this work it will prove useful to use the
basis of the total angular momentum eigenstates to de-
scribe the internal state of the atoms. This is naturally
expected given that Dˆ±i,q are spherical operators. For this
purpose, we start by defining for a given site a single-
particle Fock basis. For filling n = 2 we have (dropping
the index i)
|ambn〉 ≡ cˆ†am cˆ†bn |vacuum〉 , (15)
where a, b ∈ {g, e} and the two atoms are assumed to
occupy the same motional ground-state of the lattice site.
Notice that |ambn〉 = − |bnam〉 due to fermion statistics.
Fock states for higher fillings, n ≥ 3, are similarly defined
as |ambncp . . .〉 ≡ cˆ†am cˆ†bn cˆ†cp . . . |vacuum〉.
The total angular momentum of n atoms is defined
as F = f1 + f2 + . . . + fn, where fk is the total angular
momentum of atom k, which can be either fg or fe. For
two atoms per site, n = 2, we define the total angular
momentum basis as3
|F,M〉ab ≡
∑
m1+m2=M
〈fa,m1; fb,m2|F,M〉 |am1bm2〉 ,
(16)
where again a, b ∈ {g, e} and the sum runs over all al-
lowed values of m1 and m2. Here, 〈fa,m1; fb,m2|F,M〉
is a Clebsch-Gordan coefficient. Due to the properties
of addition of angular momenta, the allowed values of F
go from fa + fb down to |fa − fb| in integer steps. How-
ever, since we are assuming the atoms to occupy the same
motional state (i.e. the spatial part is symmetric under
exchange), fermion exchange symmetry implies that only
some of these values are permitted when the two atoms
are identical (a = b), i.e. for |F,M〉gg and |F,M〉ee. In
this case, only even values of the total angular momen-
tum are allowed (F = 0, 2, 4, . . .) [47]. When the atoms
are distinguishable (a 6= b), all values of F are permitted.
For n ≥ 3 the total angular momentum basis is de-
fined in a similar way, except that the expansion of total
angular momentum eigenstates into single-particle Fock
states becomes more intricate. Fortunately, for our anal-
ysis it will be sufficient to simply know which states are
allowed by exchange symmetry. For n identical particles
this can be straightforwardly found using the method
of Ref. [47] of counting states and their total magnetic
number, see App. E. When not all atoms are identical,
e.g. when some atoms are in g and others in e, we can find
the allowed states by first finding the symmetry-allowed
states of all the atoms in g (e) and then combining the
two results using the rules of angular momentum addi-
tion, see examples further below and in Apps. E and F.
For the analysis of dark states and the structure of
eigenstates, it is important to understand the action of
Dˆ−i,q (Dˆ+i,q) on the atomic states. In general, the action
of Dˆ−i,q reduces the total number of excitations by one,
ne → ne−1, and the total magnetic number by q as M →
M − q. Here, we defined ne and M as the eigenvalues
with respect to the operators nˆe ≡
∑
i,m cˆ
†
i,em
cˆi,em and
Mˆ ≡∑i,mm cˆ†i,em cˆi,em+∑i,n n cˆ†i,gn cˆi,gn . Similarly, Dˆ+i,q
increases ne by one and M by q.
On top of this, because Dˆ±i,q are spherical operators,
their action on a total angular momentum state can only
change the total F by 0 or ±1. An exception is F =
0→ 0 which is knowingly forbidden. In general, applying
Dˆ±i,q on a state |(ξ)F,M〉 yields a superposition of states
|(ξ′)F ′,M ± q〉 with F ′ ∈ {F, F±1}, where ξ and ξ′ stand
for the remaining quantum numbers. The prefactor in
front of each state can in principle be computed using the
3 For a = b these states have to be normalized by 1/
√
2.
5Wigner-Eckart theorem and Clebsch-Gordan coefficients
(see App. C). This can be written as
〈(ξ′)F ′,M ′| Dˆ±i,q |(ξ)F,M〉
= R(F, F ′, ξ, ξ′) Φ(F, F ′,M,M ′, q). (17)
The important thing to remember is that it is given by
a radial part R which depends only on F , F ′, ξ, ξ′, and
a spherical part Φ independent of ξ, ξ′.
IV. DARK STATES
In this section, we explore the existence of dark states
for the system described above. We present a necessary
condition for the atoms to be in a dark state which essen-
tially reduces the problem to a single site, along with an
analysis of the n = 2 dark states of multilevel fermions
presented in Ref. [1]. We then generalize the search for
dark states to fillings n ≥ 3, providing some examples of
dark states for various level structures, and shortly com-
menting on the bosonic case. While we generally work
in the basis of total angular momentum states, App. D
provides a complementary analysis of n = 2 dark states
using the single-particle Fock basis.
A. Dark state condition
A dark state |D〉 is defined as an eigenstate of the
Hamiltonian Hˆ with zero decay rate, i.e. L(|D〉〈D|) = 0.
Because of this, its time evolution simply results in an
overall phase factor. For the setup introduced above,
Eq. (8), it is straightforward to show that a sufficient
condition to fulfill this is given by
Dˆ−i,q |D〉 = 0 ∀i, q. (18)
Since Eq. (18) has to be fulfilled for each site i inde-
pendently from the others, one can construct a family of
dark states from product states of single-site dark and
ground states. More specifically, let |Dαi〉i, i ∈ SD, be
arbitrary i-site dark states fulfilling Dˆ−i,q |Dαi〉i = 0 ∀q.
And let
∣∣Gβj〉j , j ∈ SG, be arbitrary j-site states with
all atoms in the ground-state manifold, which are also
trivially dark, Dˆ−j,q
∣∣Gβj〉j = 0 ∀q. Then, any arbitrary
product state given by∣∣D{αi},{βj}〉 ≡ ⊗
i∈SD
|Dαi〉i
⊗
j∈SG
∣∣Gβj〉j (19)
fulfills Eq. (18) and is hence a dark state of the multi-
site system. Notice that these states are robust against
imperfect filling, as long as each site fulfills Eq. (18) sep-
arately.
Dark states of the form (19) have interesting proper-
ties, as noted in Ref. [1]. First, they are independent
of the array geometry, in particular they do not require
subwavelength distances between different sites of the ar-
ray. Second, they can support many excitations, because
each array site can be in a dark state harbouring (at
least) one excitation. These properties essentially follow
from the fact that sites which are either in a single-site
dark or ground state do not interact with each other.
For the same reason, all dark states of the form (19) are
eigenstates of the Hamiltonian in Eq. (8) with zero en-
ergy shift, Hˆ |D〉 = 0. This can be very useful for atomic
clocks, because it prevents the appearance of undesirable
frequency shifts due to dipole interactions, as well as for
the creation of entangled states using superpositions of
dark states.
For one atom per site there exist no nontrivial solutions
to Eq. (18). However, as we will see in the upcoming sec-
tions, having two (or more) atoms per lattice site opens
the possibility for such dark states to exist. Because the
dark states of Eq. (19) are product states of single-site
dark states, we focus in the following on the case of a
single site and drop the index i.
B. Interference and fermion statistics
Physically, the condition (18) means that all possible
ways of the state |D〉 to decay to a ground level, i.e. emit
a photon, need to be killed. As we will see, this can be
achieved either through destructive interference or using
fermion statistics.
The decay of an excitation can happen by emitting a
photon in either of the three polarizations, q = 0,±1.
According to Eq. (18), all the decays with a fixed polar-
ization q need to be killed independently from the other
polarizations, in other words, emission with orthogonal
polarizations can not interfere with each other. More-
over, in our multilevel system, an excited atom can in
principle decay to different ground levels (via different
polarizations). Interference of different decay processes,
however, can only happen if the final state |φf 〉 is the
same. To see this, note that the action of Dˆ−q on a given
state creates a superposition of final states (with one ex-
citation less) each of whose prefactors needs to vanish
identically. This implies that each possible decay chan-
nel of the state |D〉 with polarization q and final state
|φf 〉 has to be killed independently from the other polar-
izations and final states. Thus, condition (18) can also
be written as (dropping the index i)
〈φf | Dˆ−q |D〉 = 0, ∀q, |φf 〉 . (20)
Each possible pair (q, |φf 〉) gives rise to a separate con-
dition to be fulfilled. Notice that all channels are never-
theless intertwined in a complex fashion since each state
has, in general, multiple decay channels, and each decay
is weighted by a different Clebsch-Gordan coeffcient.
A direct consequence of this insight is that only states
with the same number of excitations ne and magnetic
number M can interfere with each other. This is because
6only such states can decay to the same final state |φf 〉
via the same polarization q. Therefore, dark states can
only be superpositions of states with the same ne and
M , which can in turn be used to label the dark states.4
Notice, however, that dark states can in principle be a
superposition of states with different total F .
C. Dark states for n = 2 fermions per site
We present now all the dark states fulfilling (18) for
filling n = 2 and arbitrary multilevel structure (|fe −
fg| ≤ 1), c.f. Ref. [1]. We start by illustrating the
main concepts in the simplest nontrivial example of a
dark state, which can be found for the multi- struc-
ture fg = fe = 1/2. In this case, there exists one dark
state given by the total angular momentum basis state
|D0〉{ 12 , 12} = |F = 0,M = 0〉ge. To see why, notice that
for two atoms in the ground manifold there exists in this
case only one state allowed by fermion statistics, namely
|F = 0,M = 0〉gg. Since the dipole transition 0 → 0 is
forbidden due to selection rules, this implies that the |D0〉
state can not decay to the ground state and is hence dark.
An alternative explanation can be given as well
in terms of the single-particle Fock basis. In
this basis, the dark state reads |D0〉{ 12 , 12} =
1√
2
(∣∣g1/2 e−1/2〉− ∣∣g−1/2 e1/2〉). Applying Dˆ−q to this
state for q = ±1, i.e. emission of a circularly polar-
ized photon, we see that the decay of each of the Fock
states in the superposition is Pauli blocked by the other
atom. For q = 0, i.e. emission of a linearly polarized pho-
ton, we get Dˆ−1 |D0〉{ 12 , 12} ∝ (C
0
1/2 + C
0
−1/2)
∣∣g−1/2 g1/2〉,
which vanishes because for this level structure one has
C01/2 = −C0−1/2. Hence, the decay from the two states
interferes destructively and the state |D0〉{ 12 , 12} is dark.
The dark states can be generalized to generic multi-
level structures, fe = fg ≡ f . As we will show in the
following sections, for any (half-integer) f there exists
exactly one dark state given by (see Fig. 2)
|D0〉{f,f} ≡ |F = 0,M = 0〉ge . (21)
To understand the possible decay channels of this state,
recall first that due to fermion statistics (c.f. Sec. III) only
even-numbered total angular momenta (F=0,2,4,. . . ) are
allowed when both atoms are in the ground mani-
fold. Since F can only change at most by 1, this
means that the above state can only decay to the state
|F = 0,M = 0〉gg, which again is forbidden due to 0→ 0.
Thus, fermion statistics and dipole selection rules make
|F = 0,M = 0〉ge a dark state for the multi- level struc-
ture.
4 Of course, given any two dark states fulfilling (18), any superpo-
sition of them is also dark.
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2f
<latexit sha1_base64="rHOTb2ixfaxNojbAHXfE+RGZN7k=">AAACg3iclZFNaxsxEIa12+bLaRInPeay1LgUmjjSZvHHIWAS KD06EDsBezFaWbsW1n4gzYaYZf9If1Zv/TeV1z6kTi4dEDy8885oNAoyKTRg/MeyP3zc2d3bP6gdfjo6Pqmfno10mivGhyyVqXoKqOZSJHwIAiR/yhSncSD5Y7C4W+Ufn7nSIk0eYJlxP6ZRIkLBKBhpWv/VnAB/gSLOJYjLclRrFpOq61hFgV/gFsaYEHKxAtJpYwO 9Xtcl3TIqt5y9btv12pWzQ9yqxO14117Jy//oGhnzjxu35obTeqMymnDeAtlAA21iMK3/nsxSlsc8ASap1mOCM/ALqkAwaYaY5JpnlC1oxMcGExpz7RfVXKXTNMrMCVNlTgJOpb6uKGis9TIOjDOmMNfbuZX4Xm6cQ9j1C5FkOfCErS8Kc+lA6qw+xJkJxRnIpQHKlD CzOmxOFWVgvq1mlkC2n/wWRm6LGL73Gv3bzTr20Tn6gr4hgjqoj36iARoiZiHrq3VlYXvH/m67tre22tam5jP6J+ybv/watWA=</latexit><latexit sha1_base64="rHOTb2ixfaxNojbAHXfE+RGZN7k=">AAACg3iclZFNaxsxEIa12+bLaRInPeay1LgUmjjSZvHHIWAS KD06EDsBezFaWbsW1n4gzYaYZf9If1Zv/TeV1z6kTi4dEDy8885oNAoyKTRg/MeyP3zc2d3bP6gdfjo6Pqmfno10mivGhyyVqXoKqOZSJHwIAiR/yhSncSD5Y7C4W+Ufn7nSIk0eYJlxP6ZRIkLBKBhpWv/VnAB/gSLOJYjLclRrFpOq61hFgV/gFsaYEHKxAtJpYwO 9Xtcl3TIqt5y9btv12pWzQ9yqxO14117Jy//oGhnzjxu35obTeqMymnDeAtlAA21iMK3/nsxSlsc8ASap1mOCM/ALqkAwaYaY5JpnlC1oxMcGExpz7RfVXKXTNMrMCVNlTgJOpb6uKGis9TIOjDOmMNfbuZX4Xm6cQ9j1C5FkOfCErS8Kc+lA6qw+xJkJxRnIpQHKlD CzOmxOFWVgvq1mlkC2n/wWRm6LGL73Gv3bzTr20Tn6gr4hgjqoj36iARoiZiHrq3VlYXvH/m67tre22tam5jP6J+ybv/watWA=</latexit><latexit sha1_base64="rHOTb2ixfaxNojbAHXfE+RGZN7k=">AAACg3iclZFNaxsxEIa12+bLaRInPeay1LgUmjjSZvHHIWAS KD06EDsBezFaWbsW1n4gzYaYZf9If1Zv/TeV1z6kTi4dEDy8885oNAoyKTRg/MeyP3zc2d3bP6gdfjo6Pqmfno10mivGhyyVqXoKqOZSJHwIAiR/yhSncSD5Y7C4W+Ufn7nSIk0eYJlxP6ZRIkLBKBhpWv/VnAB/gSLOJYjLclRrFpOq61hFgV/gFsaYEHKxAtJpYwO 9Xtcl3TIqt5y9btv12pWzQ9yqxO14117Jy//oGhnzjxu35obTeqMymnDeAtlAA21iMK3/nsxSlsc8ASap1mOCM/ALqkAwaYaY5JpnlC1oxMcGExpz7RfVXKXTNMrMCVNlTgJOpb6uKGis9TIOjDOmMNfbuZX4Xm6cQ9j1C5FkOfCErS8Kc+lA6qw+xJkJxRnIpQHKlD CzOmxOFWVgvq1mlkC2n/wWRm6LGL73Gv3bzTr20Tn6gr4hgjqoj36iARoiZiHrq3VlYXvH/m67tre22tam5jP6J+ybv/watWA=</latexit><latexit sha1_base64="rHOTb2ixfaxNojbAHXfE+RGZN7k=">AAACg3iclZFNaxsxEIa12+bLaRInPeay1LgUmjjSZvHHIWAS KD06EDsBezFaWbsW1n4gzYaYZf9If1Zv/TeV1z6kTi4dEDy8885oNAoyKTRg/MeyP3zc2d3bP6gdfjo6Pqmfno10mivGhyyVqXoKqOZSJHwIAiR/yhSncSD5Y7C4W+Ufn7nSIk0eYJlxP6ZRIkLBKBhpWv/VnAB/gSLOJYjLclRrFpOq61hFgV/gFsaYEHKxAtJpYwO 9Xtcl3TIqt5y9btv12pWzQ9yqxO14117Jy//oGhnzjxu35obTeqMymnDeAtlAA21iMK3/nsxSlsc8ASap1mOCM/ALqkAwaYaY5JpnlC1oxMcGExpz7RfVXKXTNMrMCVNlTgJOpb6uKGis9TIOjDOmMNfbuZX4Xm6cQ9j1C5FkOfCErS8Kc+lA6qw+xJkJxRnIpQHKlD CzOmxOFWVgvq1mlkC2n/wWRm6LGL73Gv3bzTr20Tn6gr4hgjqoj36iARoiZiHrq3VlYXvH/m67tre22tam5jP6J+ybv/watWA=</latexit>
2f + 1
<latexit sha1_base64="3rOxtRg7C97nPKV+BjNv1j/Rlgs=">AAAChXiclZFLS8NAEMc38V1fVY9egqUg+CAbQx8HURTEYwVbhTaUzXaTLm4e7E7EEvJN/FTe/DZu0x60enFg4cd//jM7O+ungiuw7U/DXFpeWV1b36hsbm3v7Fb39nsqySRlXZqIRD77RDHBY9Y FDoI9p5KRyBfsyX+5neafXplUPIkfYZIyLyJhzANOCWhpWH2vD4C9QR5lAvhZ0avU80HZtS9D38vtc9u2McanU8DNhq2h3W45uFWExYKz3Wo4bqN0NrFTljhN98ItWPGPrqE23106FSc4wcNqrbTqsH4DnkMNzaMzrH4MRgnNIhYDFUSpPrZT8HIigVOhxxhkiqWEvpCQ9TXGJGLKy8vJCquulZEVJFKfGKxS/V6Rk0ipSeRrZ0RgrBZzU/GvXD+DoOXlPE4zYDGdXRRkwoLEmn6JNeKSURATDYRKrme16JhIQkF/XEUvAS8++Tf0nHOs+cGtXd/M17GODtEROkYYNdE1ukcd1EXUMI1jAxuOuWaema7ZmFlNY15zgH6EefUFK4+10A==</lat exit><latexit sha1_base64="3rOxtRg7C97nPKV+BjNv1j/Rlgs=">AAAChXiclZFLS8NAEMc38V1fVY9egqUg+CAbQx8HURTEYwVbhTaUzXaTLm4e7E7EEvJN/FTe/DZu0x60enFg4cd//jM7O+ungiuw7U/DXFpeWV1b36hsbm3v7Fb39nsqySRlXZqIRD77RDHBY9Y FDoI9p5KRyBfsyX+5neafXplUPIkfYZIyLyJhzANOCWhpWH2vD4C9QR5lAvhZ0avU80HZtS9D38vtc9u2McanU8DNhq2h3W45uFWExYKz3Wo4bqN0NrFTljhN98ItWPGPrqE23106FSc4wcNqrbTqsH4DnkMNzaMzrH4MRgnNIhYDFUSpPrZT8HIigVOhxxhkiqWEvpCQ9TXGJGLKy8vJCquulZEVJFKfGKxS/V6Rk0ipSeRrZ0RgrBZzU/GvXD+DoOXlPE4zYDGdXRRkwoLEmn6JNeKSURATDYRKrme16JhIQkF/XEUvAS8++Tf0nHOs+cGtXd/M17GODtEROkYYNdE1ukcd1EXUMI1jAxuOuWaema7ZmFlNY15zgH6EefUFK4+10A==</lat exit><latexit sha1_base64="3rOxtRg7C97nPKV+BjNv1j/Rlgs=">AAAChXiclZFLS8NAEMc38V1fVY9egqUg+CAbQx8HURTEYwVbhTaUzXaTLm4e7E7EEvJN/FTe/DZu0x60enFg4cd//jM7O+ungiuw7U/DXFpeWV1b36hsbm3v7Fb39nsqySRlXZqIRD77RDHBY9Y FDoI9p5KRyBfsyX+5neafXplUPIkfYZIyLyJhzANOCWhpWH2vD4C9QR5lAvhZ0avU80HZtS9D38vtc9u2McanU8DNhq2h3W45uFWExYKz3Wo4bqN0NrFTljhN98ItWPGPrqE23106FSc4wcNqrbTqsH4DnkMNzaMzrH4MRgnNIhYDFUSpPrZT8HIigVOhxxhkiqWEvpCQ9TXGJGLKy8vJCquulZEVJFKfGKxS/V6Rk0ipSeRrZ0RgrBZzU/GvXD+DoOXlPE4zYDGdXRRkwoLEmn6JNeKSURATDYRKrme16JhIQkF/XEUvAS8++Tf0nHOs+cGtXd/M17GODtEROkYYNdE1ukcd1EXUMI1jAxuOuWaema7ZmFlNY15zgH6EefUFK4+10A==</lat exit><latexit sha1_base64="3rOxtRg7C97nPKV+BjNv1j/Rlgs=">AAAChXiclZFLS8NAEMc38V1fVY9egqUg+CAbQx8HURTEYwVbhTaUzXaTLm4e7E7EEvJN/FTe/DZu0x60enFg4cd//jM7O+ungiuw7U/DXFpeWV1b36hsbm3v7Fb39nsqySRlXZqIRD77RDHBY9Y FDoI9p5KRyBfsyX+5neafXplUPIkfYZIyLyJhzANOCWhpWH2vD4C9QR5lAvhZ0avU80HZtS9D38vtc9u2McanU8DNhq2h3W45uFWExYKz3Wo4bqN0NrFTljhN98ItWPGPrqE23106FSc4wcNqrbTqsH4DnkMNzaMzrH4MRgnNIhYDFUSpPrZT8HIigVOhxxhkiqWEvpCQ9TXGJGLKy8vJCquulZEVJFKfGKxS/V6Rk0ipSeRrZ0RgrBZzU/GvXD+DoOXlPE4zYDGdXRRkwoLEmn6JNeKSURATDYRKrme16JhIQkF/XEUvAS8++Tf0nHOs+cGtXd/M17GODtEROkYYNdE1ukcd1EXUMI1jAxuOuWaema7ZmFlNY15zgH6EefUFK4+10A==</lat exit>
1
<latexit sha1_base64="42ooDKQZtXnraKD/RfCOh/1UkQk=">AAACgniclZHbSgMxEIazaz3VU9VLb xZLQUTrZi09gIIoiJcK9gDtUrJpugazB5JZsSz7IL6Wdz6NpmsvtPXGgcDHP/9MJhMvFlyBbX8Y5lJheWV1bb24sbm1vVPa3euoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs6z3fTPPdFyYVj8JHmMTMDYgf8jGnBL Q0LL1VBsBeIQ0SAfw06xQr6SDv2pe+56Z21bZtjPHJFHCjbmtotZoObmZ+NudsNetOrZ47G9jJS5xG7byWsewfXX1tvr10inhYKuc+HdYi4BmU0Szuh6X3wSiiScBCoIIo1cd2DG5KJHAq9AyDRLGY0Gfis77GkA RMuWk+VmZVtDKyxpHUJwQrV39WpCRQahJ42hkQeFLzuan4V66fwLjppjyME2Ah/b5onAgLImv6H9aIS0ZBTDQQKrme1aJPRBIK+teKegl4/smL0HGqWPNDrXx1PVvHGjpAh+gIYdRAV+gO3aM2oujTqBhV48wsmMc mNs+/raYxq9lHv8K8+AI9WbXu</latexit><latexit sha1_base64="42ooDKQZtXnraKD/RfCOh/1UkQk=">AAACgniclZHbSgMxEIazaz3VU9VLb xZLQUTrZi09gIIoiJcK9gDtUrJpugazB5JZsSz7IL6Wdz6NpmsvtPXGgcDHP/9MJhMvFlyBbX8Y5lJheWV1bb24sbm1vVPa3euoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs6z3fTPPdFyYVj8JHmMTMDYgf8jGnBL Q0LL1VBsBeIQ0SAfw06xQr6SDv2pe+56Z21bZtjPHJFHCjbmtotZoObmZ+NudsNetOrZ47G9jJS5xG7byWsewfXX1tvr10inhYKuc+HdYi4BmU0Szuh6X3wSiiScBCoIIo1cd2DG5KJHAq9AyDRLGY0Gfis77GkA RMuWk+VmZVtDKyxpHUJwQrV39WpCRQahJ42hkQeFLzuan4V66fwLjppjyME2Ah/b5onAgLImv6H9aIS0ZBTDQQKrme1aJPRBIK+teKegl4/smL0HGqWPNDrXx1PVvHGjpAh+gIYdRAV+gO3aM2oujTqBhV48wsmMc mNs+/raYxq9lHv8K8+AI9WbXu</latexit><latexit sha1_base64="42ooDKQZtXnraKD/RfCOh/1UkQk=">AAACgniclZHbSgMxEIazaz3VU9VLb xZLQUTrZi09gIIoiJcK9gDtUrJpugazB5JZsSz7IL6Wdz6NpmsvtPXGgcDHP/9MJhMvFlyBbX8Y5lJheWV1bb24sbm1vVPa3euoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs6z3fTPPdFyYVj8JHmMTMDYgf8jGnBL Q0LL1VBsBeIQ0SAfw06xQr6SDv2pe+56Z21bZtjPHJFHCjbmtotZoObmZ+NudsNetOrZ47G9jJS5xG7byWsewfXX1tvr10inhYKuc+HdYi4BmU0Szuh6X3wSiiScBCoIIo1cd2DG5KJHAq9AyDRLGY0Gfis77GkA RMuWk+VmZVtDKyxpHUJwQrV39WpCRQahJ42hkQeFLzuan4V66fwLjppjyME2Ah/b5onAgLImv6H9aIS0ZBTDQQKrme1aJPRBIK+teKegl4/smL0HGqWPNDrXx1PVvHGjpAh+gIYdRAV+gO3aM2oujTqBhV48wsmMc mNs+/raYxq9lHv8K8+AI9WbXu</latexit><latexit sha1_base64="42ooDKQZtXnraKD/RfCOh/1UkQk=">AAACgniclZHbSgMxEIazaz3VU9VLb xZLQUTrZi09gIIoiJcK9gDtUrJpugazB5JZsSz7IL6Wdz6NpmsvtPXGgcDHP/9MJhMvFlyBbX8Y5lJheWV1bb24sbm1vVPa3euoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs6z3fTPPdFyYVj8JHmMTMDYgf8jGnBL Q0LL1VBsBeIQ0SAfw06xQr6SDv2pe+56Z21bZtjPHJFHCjbmtotZoObmZ+NudsNetOrZ47G9jJS5xG7byWsewfXX1tvr10inhYKuc+HdYi4BmU0Szuh6X3wSiiScBCoIIo1cd2DG5KJHAq9AyDRLGY0Gfis77GkA RMuWk+VmZVtDKyxpHUJwQrV39WpCRQahJ42hkQeFLzuan4V66fwLjppjyME2Ah/b5onAgLImv6H9aIS0ZBTDQQKrme1aJPRBIK+teKegl4/smL0HGqWPNDrXx1PVvHGjpAh+gIYdRAV+gO3aM2oujTqBhV48wsmMc mNs+/raYxq9lHv8K8+AI9WbXu</latexit>
2
<latexit sha1_base64="pXWvCpFnnnrR6kJd5yDG9HO28F0=">AAACgniclZHbSgMxEIazaz3VU9VLbxZLQUTrZi09gIIoiJcK9gDtUrJpugazB5JZsSz7IL6Wdz6NpmsvtPXGgcDHP/9MJhMvFlyBbX8Y5lJheWV1bb24s bm1vVPa3euoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs6z3fTPPdFyYVj8JHmMTMDYgf8jGnBLQ0LL1VBsBeIQ0SAfw06xQr6SDv2pe+56Z21bZtjPHJFHCjbmtotZoObmZ+NudsNetOrZ47G9jJS5xG7byWsewfXX1tvr10is6wVM59OqxFwDMoo1ncD0vvg1FEk4CFQAVRqo/tGNyUSOBU6BkGiWIxoc/EZ32NIQmYctN8rMyqaGVkjSOpTwhWrv6sSEmg1CTwtDMg8KTmc1Pxr1w/gXHTTXkYJ8BC+n3ROBEWRNb0P6wRl4yCmGggVHI9q0WfiCQU9K8V9 RLw/JMXoeNUseaHWvnqeraONXSADtERwqiBrtAdukdtRNGnUTGqxplZMI9NbJ5/W01jVrOPfoV58QU+3bXv</latexit><latexit sha1_base64="pXWvCpFnnnrR6kJd5yDG9HO28F0=">AAACgniclZHbSgMxEIazaz3VU9VLbxZLQUTrZi09gIIoiJcK9gDtUrJpugazB5JZsSz7IL6Wdz6NpmsvtPXGgcDHP/9MJhMvFlyBbX8Y5lJheWV1bb24s bm1vVPa3euoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs6z3fTPPdFyYVj8JHmMTMDYgf8jGnBLQ0LL1VBsBeIQ0SAfw06xQr6SDv2pe+56Z21bZtjPHJFHCjbmtotZoObmZ+NudsNetOrZ47G9jJS5xG7byWsewfXX1tvr10is6wVM59OqxFwDMoo1ncD0vvg1FEk4CFQAVRqo/tGNyUSOBU6BkGiWIxoc/EZ32NIQmYctN8rMyqaGVkjSOpTwhWrv6sSEmg1CTwtDMg8KTmc1Pxr1w/gXHTTXkYJ8BC+n3ROBEWRNb0P6wRl4yCmGggVHI9q0WfiCQU9K8V9 RLw/JMXoeNUseaHWvnqeraONXSADtERwqiBrtAdukdtRNGnUTGqxplZMI9NbJ5/W01jVrOPfoV58QU+3bXv</latexit><latexit sha1_base64="pXWvCpFnnnrR6kJd5yDG9HO28F0=">AAACgniclZHbSgMxEIazaz3VU9VLbxZLQUTrZi09gIIoiJcK9gDtUrJpugazB5JZsSz7IL6Wdz6NpmsvtPXGgcDHP/9MJhMvFlyBbX8Y5lJheWV1bb24s bm1vVPa3euoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs6z3fTPPdFyYVj8JHmMTMDYgf8jGnBLQ0LL1VBsBeIQ0SAfw06xQr6SDv2pe+56Z21bZtjPHJFHCjbmtotZoObmZ+NudsNetOrZ47G9jJS5xG7byWsewfXX1tvr10is6wVM59OqxFwDMoo1ncD0vvg1FEk4CFQAVRqo/tGNyUSOBU6BkGiWIxoc/EZ32NIQmYctN8rMyqaGVkjSOpTwhWrv6sSEmg1CTwtDMg8KTmc1Pxr1w/gXHTTXkYJ8BC+n3ROBEWRNb0P6wRl4yCmGggVHI9q0WfiCQU9K8V9 RLw/JMXoeNUseaHWvnqeraONXSADtERwqiBrtAdukdtRNGnUTGqxplZMI9NbJ5/W01jVrOPfoV58QU+3bXv</latexit><latexit sha1_base64="pXWvCpFnnnrR6kJd5yDG9HO28F0=">AAACgniclZHbSgMxEIazaz3VU9VLbxZLQUTrZi09gIIoiJcK9gDtUrJpugazB5JZsSz7IL6Wdz6NpmsvtPXGgcDHP/9MJhMvFlyBbX8Y5lJheWV1bb24s bm1vVPa3euoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs6z3fTPPdFyYVj8JHmMTMDYgf8jGnBLQ0LL1VBsBeIQ0SAfw06xQr6SDv2pe+56Z21bZtjPHJFHCjbmtotZoObmZ+NudsNetOrZ47G9jJS5xG7byWsewfXX1tvr10is6wVM59OqxFwDMoo1ncD0vvg1FEk4CFQAVRqo/tGNyUSOBU6BkGiWIxoc/EZ32NIQmYctN8rMyqaGVkjSOpTwhWrv6sSEmg1CTwtDMg8KTmc1Pxr1w/gXHTTXkYJ8BC+n3ROBEWRNb0P6wRl4yCmGggVHI9q0WfiCQU9K8V9 RLw/JMXoeNUseaHWvnqeraONXSADtERwqiBrtAdukdtRNGnUTGqxplZMI9NbJ5/W01jVrOPfoV58QU+3bXv</latexit>
2
<latexit sha1_base64="pXWvCpFnnnrR6kJd5yDG9HO28F0=">AAACgniclZHbSgMxEIazaz3VU9VLbxZLQUTrZi09gIIoiJcK9gDtUrJpugazB5JZsSz7IL6Wdz6NpmsvtPXGgcDHP/9MJhMvFlyBbX8Y5lJheWV1bb24s bm1vVPa3euoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs6z3fTPPdFyYVj8JHmMTMDYgf8jGnBLQ0LL1VBsBeIQ0SAfw06xQr6SDv2pe+56Z21bZtjPHJFHCjbmtotZoObmZ+NudsNetOrZ47G9jJS5xG7byWsewfXX1tvr10is6wVM59OqxFwDMoo1ncD0vvg1FEk4CFQAVRqo/tGNyUSOBU6BkGiWIxoc/EZ32NIQmYctN8rMyqaGVkjSOpTwhWrv6sSEmg1CTwtDMg8KTmc1Pxr1w/gXHTTXkYJ8BC+n3ROBEWRNb0P6wRl4yCmGggVHI9q0WfiCQU9K8V9 RLw/JMXoeNUseaHWvnqeraONXSADtERwqiBrtAdukdtRNGnUTGqxplZMI9NbJ5/W01jVrOPfoV58QU+3bXv</latexit><latexit sha1_base64="pXWvCpFnnnrR6kJd5yDG9HO28F0=">AAACgniclZHbSgMxEIazaz3VU9VLbxZLQUTrZi09gIIoiJcK9gDtUrJpugazB5JZsSz7IL6Wdz6NpmsvtPXGgcDHP/9MJhMvFlyBbX8Y5lJheWV1bb24s bm1vVPa3euoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs6z3fTPPdFyYVj8JHmMTMDYgf8jGnBLQ0LL1VBsBeIQ0SAfw06xQr6SDv2pe+56Z21bZtjPHJFHCjbmtotZoObmZ+NudsNetOrZ47G9jJS5xG7byWsewfXX1tvr10is6wVM59OqxFwDMoo1ncD0vvg1FEk4CFQAVRqo/tGNyUSOBU6BkGiWIxoc/EZ32NIQmYctN8rMyqaGVkjSOpTwhWrv6sSEmg1CTwtDMg8KTmc1Pxr1w/gXHTTXkYJ8BC+n3ROBEWRNb0P6wRl4yCmGggVHI9q0WfiCQU9K8V9 RLw/JMXoeNUseaHWvnqeraONXSADtERwqiBrtAdukdtRNGnUTGqxplZMI9NbJ5/W01jVrOPfoV58QU+3bXv</latexit><latexit sha1_base64="pXWvCpFnnnrR6kJd5yDG9HO28F0=">AAACgniclZHbSgMxEIazaz3VU9VLbxZLQUTrZi09gIIoiJcK9gDtUrJpugazB5JZsSz7IL6Wdz6NpmsvtPXGgcDHP/9MJhMvFlyBbX8Y5lJheWV1bb24s bm1vVPa3euoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs6z3fTPPdFyYVj8JHmMTMDYgf8jGnBLQ0LL1VBsBeIQ0SAfw06xQr6SDv2pe+56Z21bZtjPHJFHCjbmtotZoObmZ+NudsNetOrZ47G9jJS5xG7byWsewfXX1tvr10is6wVM59OqxFwDMoo1ncD0vvg1FEk4CFQAVRqo/tGNyUSOBU6BkGiWIxoc/EZ32NIQmYctN8rMyqaGVkjSOpTwhWrv6sSEmg1CTwtDMg8KTmc1Pxr1w/gXHTTXkYJ8BC+n3ROBEWRNb0P6wRl4yCmGggVHI9q0WfiCQU9K8V9 RLw/JMXoeNUseaHWvnqeraONXSADtERwqiBrtAdukdtRNGnUTGqxplZMI9NbJ5/W01jVrOPfoV58QU+3bXv</latexit><latexit sha1_base64="pXWvCpFnnnrR6kJd5yDG9HO28F0=">AAACgniclZHbSgMxEIazaz3VU9VLbxZLQUTrZi09gIIoiJcK9gDtUrJpugazB5JZsSz7IL6Wdz6NpmsvtPXGgcDHP/9MJhMvFlyBbX8Y5lJheWV1bb24s bm1vVPa3euoKJGUtWkkItnziGKCh6wNHATrxZKRwBOs6z3fTPPdFyYVj8JHmMTMDYgf8jGnBLQ0LL1VBsBeIQ0SAfw06xQr6SDv2pe+56Z21bZtjPHJFHCjbmtotZoObmZ+NudsNetOrZ47G9jJS5xG7byWsewfXX1tvr10is6wVM59OqxFwDMoo1ncD0vvg1FEk4CFQAVRqo/tGNyUSOBU6BkGiWIxoc/EZ32NIQmYctN8rMyqaGVkjSOpTwhWrv6sSEmg1CTwtDMg8KTmc1Pxr1w/gXHTTXkYJ8BC+n3ROBEWRNb0P6wRl4yCmGggVHI9q0WfiCQU9K8V9 RLw/JMXoeNUseaHWvnqeraONXSADtERwqiBrtAdukdtRNGnUTGqxplZMI9NbJ5/W01jVrOPfoV58QU+3bXv</latexit>
dark

(a)
(b)
f
<latexit sha1_base64="8gtjEyRLTFhtkQZEwJ/QLhilmK8=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgKbiwzIuiy6MZlBXuBdiiZNNO GJpkhOaOWsY/ixoUibn0Sd76NaTsLbf0h8PGfczgnf5gIbsDzvp2V1bX1jc3CVnF7Z3dv3y0dNE2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0fW03rpn2vBY3cE4YYEkA8UjTglYq+eWKl1gj5DJVAA/nTSLUc8te1VvJrwMfg5llKvec7+6/ZimkimgghjT8b0Egoxo4FSwSbGbGpYQ OiID1rGoiGQmyGanT3DFOn0cxdo+BXjm/p7IiDRmLEPbKQkMzWJtav5X66QQXQYZV0kKTNH5oigVGGI8zQH3uWYUxNgCoZrbWzEdEk0o2LSKNgR/8cvL0Dyr+pZvz8u1qzyOAjpCx+gE+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9EfO5w/QUJOx</latexit><latexit sha1_base64="8gtjEyRLTFhtkQZEwJ/QLhilmK8=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgKbiwzIuiy6MZlBXuBdiiZNNO GJpkhOaOWsY/ixoUibn0Sd76NaTsLbf0h8PGfczgnf5gIbsDzvp2V1bX1jc3CVnF7Z3dv3y0dNE2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0fW03rpn2vBY3cE4YYEkA8UjTglYq+eWKl1gj5DJVAA/nTSLUc8te1VvJrwMfg5llKvec7+6/ZimkimgghjT8b0Egoxo4FSwSbGbGpYQ OiID1rGoiGQmyGanT3DFOn0cxdo+BXjm/p7IiDRmLEPbKQkMzWJtav5X66QQXQYZV0kKTNH5oigVGGI8zQH3uWYUxNgCoZrbWzEdEk0o2LSKNgR/8cvL0Dyr+pZvz8u1qzyOAjpCx+gE+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9EfO5w/QUJOx</latexit><latexit sha1_base64="8gtjEyRLTFhtkQZEwJ/QLhilmK8=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgKbiwzIuiy6MZlBXuBdiiZNNO GJpkhOaOWsY/ixoUibn0Sd76NaTsLbf0h8PGfczgnf5gIbsDzvp2V1bX1jc3CVnF7Z3dv3y0dNE2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0fW03rpn2vBY3cE4YYEkA8UjTglYq+eWKl1gj5DJVAA/nTSLUc8te1VvJrwMfg5llKvec7+6/ZimkimgghjT8b0Egoxo4FSwSbGbGpYQ OiID1rGoiGQmyGanT3DFOn0cxdo+BXjm/p7IiDRmLEPbKQkMzWJtav5X66QQXQYZV0kKTNH5oigVGGI8zQH3uWYUxNgCoZrbWzEdEk0o2LSKNgR/8cvL0Dyr+pZvz8u1qzyOAjpCx+gE+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9EfO5w/QUJOx</latexit><latexit sha1_base64="8gtjEyRLTFhtkQZEwJ/QLhilmK8=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgKbiwzIuiy6MZlBXuBdiiZNNO GJpkhOaOWsY/ixoUibn0Sd76NaTsLbf0h8PGfczgnf5gIbsDzvp2V1bX1jc3CVnF7Z3dv3y0dNE2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0fW03rpn2vBY3cE4YYEkA8UjTglYq+eWKl1gj5DJVAA/nTSLUc8te1VvJrwMfg5llKvec7+6/ZimkimgghjT8b0Egoxo4FSwSbGbGpYQ OiID1rGoiGQmyGanT3DFOn0cxdo+BXjm/p7IiDRmLEPbKQkMzWJtav5X66QQXQYZV0kKTNH5oigVGGI8zQH3uWYUxNgCoZrbWzEdEk0o2LSKNgR/8cvL0Dyr+pZvz8u1qzyOAjpCx+gE+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9EfO5w/QUJOx</latexit>
f + 1
<latexit sha1_base64="hAIulpIsgbMsmKcScOTP2BVksW8=">AAAB/HicbZDLSsNAFIYnXmu8Rbt0EywFQSyJCLosunFZwV6gDWUynbR DZyZh5kQMob6KGxeKuPVB3Pk2TtsstPWHgY//nMM584cJZxo879taWV1b39gsbdnbO7t7+87BYUvHqSK0SWIeq06INeVM0iYw4LSTKIpFyGk7HN9M6+0HqjSL5T1kCQ0EHkoWMYLBWH2nXO0BfYRcpBzY2aRlR6d+36l4NW8mdxn8AiqoUKPvfPUGMUkFlUA41rrrewkEOVbACKcTu5dq mmAyxkPaNSixoDrIZ8dP3KpxBm4UK/MkuDP390SOhdaZCE2nwDDSi7Wp+V+tm0J0FeRMJilQSeaLopS7ELvTJNwBU5QAzwxgopi51SUjrDABk5dtQvAXv7wMrfOab/juolK/LuIooSN0jE6Qjy5RHd2iBmoigjL0jF7Rm/VkvVjv1se8dcUqZsroj6zPH7L6lCE=</latexit><latexit sha1_base64="hAIulpIsgbMsmKcScOTP2BVksW8=">AAAB/HicbZDLSsNAFIYnXmu8Rbt0EywFQSyJCLosunFZwV6gDWUynbR DZyZh5kQMob6KGxeKuPVB3Pk2TtsstPWHgY//nMM584cJZxo879taWV1b39gsbdnbO7t7+87BYUvHqSK0SWIeq06INeVM0iYw4LSTKIpFyGk7HN9M6+0HqjSL5T1kCQ0EHkoWMYLBWH2nXO0BfYRcpBzY2aRlR6d+36l4NW8mdxn8AiqoUKPvfPUGMUkFlUA41rrrewkEOVbACKcTu5dq mmAyxkPaNSixoDrIZ8dP3KpxBm4UK/MkuDP390SOhdaZCE2nwDDSi7Wp+V+tm0J0FeRMJilQSeaLopS7ELvTJNwBU5QAzwxgopi51SUjrDABk5dtQvAXv7wMrfOab/juolK/LuIooSN0jE6Qjy5RHd2iBmoigjL0jF7Rm/VkvVjv1se8dcUqZsroj6zPH7L6lCE=</latexit><latexit sha1_base64="hAIulpIsgbMsmKcScOTP2BVksW8=">AAAB/HicbZDLSsNAFIYnXmu8Rbt0EywFQSyJCLosunFZwV6gDWUynbR DZyZh5kQMob6KGxeKuPVB3Pk2TtsstPWHgY//nMM584cJZxo879taWV1b39gsbdnbO7t7+87BYUvHqSK0SWIeq06INeVM0iYw4LSTKIpFyGk7HN9M6+0HqjSL5T1kCQ0EHkoWMYLBWH2nXO0BfYRcpBzY2aRlR6d+36l4NW8mdxn8AiqoUKPvfPUGMUkFlUA41rrrewkEOVbACKcTu5dq mmAyxkPaNSixoDrIZ8dP3KpxBm4UK/MkuDP390SOhdaZCE2nwDDSi7Wp+V+tm0J0FeRMJilQSeaLopS7ELvTJNwBU5QAzwxgopi51SUjrDABk5dtQvAXv7wMrfOab/juolK/LuIooSN0jE6Qjy5RHd2iBmoigjL0jF7Rm/VkvVjv1se8dcUqZsroj6zPH7L6lCE=</latexit><latexit sha1_base64="hAIulpIsgbMsmKcScOTP2BVksW8=">AAAB/HicbZDLSsNAFIYnXmu8Rbt0EywFQSyJCLosunFZwV6gDWUynbR DZyZh5kQMob6KGxeKuPVB3Pk2TtsstPWHgY//nMM584cJZxo879taWV1b39gsbdnbO7t7+87BYUvHqSK0SWIeq06INeVM0iYw4LSTKIpFyGk7HN9M6+0HqjSL5T1kCQ0EHkoWMYLBWH2nXO0BfYRcpBzY2aRlR6d+36l4NW8mdxn8AiqoUKPvfPUGMUkFlUA41rrrewkEOVbACKcTu5dq mmAyxkPaNSixoDrIZ8dP3KpxBm4UK/MkuDP390SOhdaZCE2nwDDSi7Wp+V+tm0J0FeRMJilQSeaLopS7ELvTJNwBU5QAzwxgopi51SUjrDABk5dtQvAXv7wMrfOab/juolK/LuIooSN0jE6Qjy5RHd2iBmoigjL0jF7Rm/VkvVjv1se8dcUqZsroj6zPH7L6lCE=</latexit>
f
<latexit sha1_base64="8gtjEyRLTFhtkQZEwJ/QLhilmK8=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgKbiwzIuiy6MZlBXuBdiiZNNO GJpkhOaOWsY/ixoUibn0Sd76NaTsLbf0h8PGfczgnf5gIbsDzvp2V1bX1jc3CVnF7Z3dv3y0dNE2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0fW03rpn2vBY3cE4YYEkA8UjTglYq+eWKl1gj5DJVAA/nTSLUc8te1VvJrwMfg5llKvec7+6/ZimkimgghjT8b0Egoxo4FSwSbGbGpYQ OiID1rGoiGQmyGanT3DFOn0cxdo+BXjm/p7IiDRmLEPbKQkMzWJtav5X66QQXQYZV0kKTNH5oigVGGI8zQH3uWYUxNgCoZrbWzEdEk0o2LSKNgR/8cvL0Dyr+pZvz8u1qzyOAjpCx+gE+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9EfO5w/QUJOx</latexit><latexit sha1_base64="8gtjEyRLTFhtkQZEwJ/QLhilmK8=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgKbiwzIuiy6MZlBXuBdiiZNNO GJpkhOaOWsY/ixoUibn0Sd76NaTsLbf0h8PGfczgnf5gIbsDzvp2V1bX1jc3CVnF7Z3dv3y0dNE2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0fW03rpn2vBY3cE4YYEkA8UjTglYq+eWKl1gj5DJVAA/nTSLUc8te1VvJrwMfg5llKvec7+6/ZimkimgghjT8b0Egoxo4FSwSbGbGpYQ OiID1rGoiGQmyGanT3DFOn0cxdo+BXjm/p7IiDRmLEPbKQkMzWJtav5X66QQXQYZV0kKTNH5oigVGGI8zQH3uWYUxNgCoZrbWzEdEk0o2LSKNgR/8cvL0Dyr+pZvz8u1qzyOAjpCx+gE+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9EfO5w/QUJOx</latexit><latexit sha1_base64="8gtjEyRLTFhtkQZEwJ/QLhilmK8=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgKbiwzIuiy6MZlBXuBdiiZNNO GJpkhOaOWsY/ixoUibn0Sd76NaTsLbf0h8PGfczgnf5gIbsDzvp2V1bX1jc3CVnF7Z3dv3y0dNE2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0fW03rpn2vBY3cE4YYEkA8UjTglYq+eWKl1gj5DJVAA/nTSLUc8te1VvJrwMfg5llKvec7+6/ZimkimgghjT8b0Egoxo4FSwSbGbGpYQ OiID1rGoiGQmyGanT3DFOn0cxdo+BXjm/p7IiDRmLEPbKQkMzWJtav5X66QQXQYZV0kKTNH5oigVGGI8zQH3uWYUxNgCoZrbWzEdEk0o2LSKNgR/8cvL0Dyr+pZvz8u1qzyOAjpCx+gE+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9EfO5w/QUJOx</latexit><latexit sha1_base64="8gtjEyRLTFhtkQZEwJ/QLhilmK8=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgKbiwzIuiy6MZlBXuBdiiZNNO GJpkhOaOWsY/ixoUibn0Sd76NaTsLbf0h8PGfczgnf5gIbsDzvp2V1bX1jc3CVnF7Z3dv3y0dNE2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0fW03rpn2vBY3cE4YYEkA8UjTglYq+eWKl1gj5DJVAA/nTSLUc8te1VvJrwMfg5llKvec7+6/ZimkimgghjT8b0Egoxo4FSwSbGbGpYQ OiID1rGoiGQmyGanT3DFOn0cxdo+BXjm/p7IiDRmLEPbKQkMzWJtav5X66QQXQYZV0kKTNH5oigVGGI8zQH3uWYUxNgCoZrbWzEdEk0o2LSKNgR/8cvL0Dyr+pZvz8u1qzyOAjpCx+gE+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9EfO5w/QUJOx</latexit>
f
<latexit sha1_base64="8gtjEyRLTFhtkQZEwJ/QLhilmK8=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgKbiwzIuiy6MZlBXuBdiiZNNO GJpkhOaOWsY/ixoUibn0Sd76NaTsLbf0h8PGfczgnf5gIbsDzvp2V1bX1jc3CVnF7Z3dv3y0dNE2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0fW03rpn2vBY3cE4YYEkA8UjTglYq+eWKl1gj5DJVAA/nTSLUc8te1VvJrwMfg5llKvec7+6/ZimkimgghjT8b0Egoxo4FSwSbGbGpYQ OiID1rGoiGQmyGanT3DFOn0cxdo+BXjm/p7IiDRmLEPbKQkMzWJtav5X66QQXQYZV0kKTNH5oigVGGI8zQH3uWYUxNgCoZrbWzEdEk0o2LSKNgR/8cvL0Dyr+pZvz8u1qzyOAjpCx+gE+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9EfO5w/QUJOx</latexit><latexit sha1_base64="8gtjEyRLTFhtkQZEwJ/QLhilmK8=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgKbiwzIuiy6MZlBXuBdiiZNNO GJpkhOaOWsY/ixoUibn0Sd76NaTsLbf0h8PGfczgnf5gIbsDzvp2V1bX1jc3CVnF7Z3dv3y0dNE2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0fW03rpn2vBY3cE4YYEkA8UjTglYq+eWKl1gj5DJVAA/nTSLUc8te1VvJrwMfg5llKvec7+6/ZimkimgghjT8b0Egoxo4FSwSbGbGpYQ OiID1rGoiGQmyGanT3DFOn0cxdo+BXjm/p7IiDRmLEPbKQkMzWJtav5X66QQXQYZV0kKTNH5oigVGGI8zQH3uWYUxNgCoZrbWzEdEk0o2LSKNgR/8cvL0Dyr+pZvz8u1qzyOAjpCx+gE+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9EfO5w/QUJOx</latexit><latexit sha1_base64="8gtjEyRLTFhtkQZEwJ/QLhilmK8=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgKbiwzIuiy6MZlBXuBdiiZNNO GJpkhOaOWsY/ixoUibn0Sd76NaTsLbf0h8PGfczgnf5gIbsDzvp2V1bX1jc3CVnF7Z3dv3y0dNE2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0fW03rpn2vBY3cE4YYEkA8UjTglYq+eWKl1gj5DJVAA/nTSLUc8te1VvJrwMfg5llKvec7+6/ZimkimgghjT8b0Egoxo4FSwSbGbGpYQ OiID1rGoiGQmyGanT3DFOn0cxdo+BXjm/p7IiDRmLEPbKQkMzWJtav5X66QQXQYZV0kKTNH5oigVGGI8zQH3uWYUxNgCoZrbWzEdEk0o2LSKNgR/8cvL0Dyr+pZvz8u1qzyOAjpCx+gE+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9EfO5w/QUJOx</latexit><latexit sha1_base64="8gtjEyRLTFhtkQZEwJ/QLhilmK8=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgKbiwzIuiy6MZlBXuBdiiZNNO GJpkhOaOWsY/ixoUibn0Sd76NaTsLbf0h8PGfczgnf5gIbsDzvp2V1bX1jc3CVnF7Z3dv3y0dNE2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0fW03rpn2vBY3cE4YYEkA8UjTglYq+eWKl1gj5DJVAA/nTSLUc8te1VvJrwMfg5llKvec7+6/ZimkimgghjT8b0Egoxo4FSwSbGbGpYQ OiID1rGoiGQmyGanT3DFOn0cxdo+BXjm/p7IiDRmLEPbKQkMzWJtav5X66QQXQYZV0kKTNH5oigVGGI8zQH3uWYUxNgCoZrbWzEdEk0o2LSKNgR/8cvL0Dyr+pZvz8u1qzyOAjpCx+gE+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9EfO5w/QUJOx</latexit>
multi-⇤ :
<latexit sha1_base64="9F1m0LighNK+srN9liUbxtT2Jg8=">AAAB/nicbZBNS8NAEIY3ftb6FRVPXoJF8GJJRFA8F b14rGA/oAlls522S3eTuDsRSyj4V7x4UMSrv8Ob/8Ztm4O2vrDw8M4MM/uGieAaXffbWlhcWl5ZLawV1zc2t7btnd26jlPFoMZiEatmSDUIHkENOQpoJgqoDAU0wsH1uN54AKV5HN3hMIFA0l7Eu5xRNFbb3vcRHjGTqUB+MvL1fUoVXLbtklt2J3 LmwcuhRHJV2/aX34lZKiFCJqjWLc9NMMioQs4EjIp+qiGhbEB70DIYUQk6yCbnj5wj43ScbqzMi9CZuL8nMiq1HsrQdEqKfT1bG5v/1Vopdi+CjEdJihCx6aJuKhyMnXEWTocrYCiGBihT3NzqsD5VlKFJrGhC8Ga/PA/107Jn+PasVLnK4yiQA3 JIjolHzkmF3JAqqRFGMvJMXsmb9WS9WO/Wx7R1wcpn9sgfWZ8/6+6WFQ==</latexit><latexit sha1_base64="9F1m0LighNK+srN9liUbxtT2Jg8=">AAAB/nicbZBNS8NAEIY3ftb6FRVPXoJF8GJJRFA8F b14rGA/oAlls522S3eTuDsRSyj4V7x4UMSrv8Ob/8Ztm4O2vrDw8M4MM/uGieAaXffbWlhcWl5ZLawV1zc2t7btnd26jlPFoMZiEatmSDUIHkENOQpoJgqoDAU0wsH1uN54AKV5HN3hMIFA0l7Eu5xRNFbb3vcRHjGTqUB+MvL1fUoVXLbtklt2J3 LmwcuhRHJV2/aX34lZKiFCJqjWLc9NMMioQs4EjIp+qiGhbEB70DIYUQk6yCbnj5wj43ScbqzMi9CZuL8nMiq1HsrQdEqKfT1bG5v/1Vopdi+CjEdJihCx6aJuKhyMnXEWTocrYCiGBihT3NzqsD5VlKFJrGhC8Ga/PA/107Jn+PasVLnK4yiQA3 JIjolHzkmF3JAqqRFGMvJMXsmb9WS9WO/Wx7R1wcpn9sgfWZ8/6+6WFQ==</latexit><latexit sha1_base64="9F1m0LighNK+srN9liUbxtT2Jg8=">AAAB/nicbZBNS8NAEIY3ftb6FRVPXoJF8GJJRFA8F b14rGA/oAlls522S3eTuDsRSyj4V7x4UMSrv8Ob/8Ztm4O2vrDw8M4MM/uGieAaXffbWlhcWl5ZLawV1zc2t7btnd26jlPFoMZiEatmSDUIHkENOQpoJgqoDAU0wsH1uN54AKV5HN3hMIFA0l7Eu5xRNFbb3vcRHjGTqUB+MvL1fUoVXLbtklt2J3 LmwcuhRHJV2/aX34lZKiFCJqjWLc9NMMioQs4EjIp+qiGhbEB70DIYUQk6yCbnj5wj43ScbqzMi9CZuL8nMiq1HsrQdEqKfT1bG5v/1Vopdi+CjEdJihCx6aJuKhyMnXEWTocrYCiGBihT3NzqsD5VlKFJrGhC8Ga/PA/107Jn+PasVLnK4yiQA3 JIjolHzkmF3JAqqRFGMvJMXsmb9WS9WO/Wx7R1wcpn9sgfWZ8/6+6WFQ==</latexit><latexit sha1_base64="9F1m0LighNK+srN9liUbxtT2Jg8=">AAAB/nicbZBNS8NAEIY3ftb6FRVPXoJF8GJJRFA8F b14rGA/oAlls522S3eTuDsRSyj4V7x4UMSrv8Ob/8Ztm4O2vrDw8M4MM/uGieAaXffbWlhcWl5ZLawV1zc2t7btnd26jlPFoMZiEatmSDUIHkENOQpoJgqoDAU0wsH1uN54AKV5HN3hMIFA0l7Eu5xRNFbb3vcRHjGTqUB+MvL1fUoVXLbtklt2J3 LmwcuhRHJV2/aX34lZKiFCJqjWLc9NMMioQs4EjIp+qiGhbEB70DIYUQk6yCbnj5wj43ScbqzMi9CZuL8nMiq1HsrQdEqKfT1bG5v/1Vopdi+CjEdJihCx6aJuKhyMnXEWTocrYCiGBihT3NzqsD5VlKFJrGhC8Ga/PA/107Jn+PasVLnK4yiQA3 JIjolHzkmF3JAqqRFGMvJMXsmb9WS9WO/Wx7R1wcpn9sgfWZ8/6+6WFQ==</latexit>
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FIG. 2. Dark states for n = 2: Dark states for two fermions
on a single site for (a) the multi- level structure (f ↔ f), and
(b) the multi-V level structure (f ↔ f + 1). The plot shows
a subset of the gg states (no excitations) and the ge states
(one excitation) in terms of their total angula momentum.
All decay channels of the states F = 0 and F = 2f + 1 in the
multi- and multi-V configuration are respectively forbidden.
For generic multi-V level structures, fe = fg +1 ≡ f +
1, it can be shown that for eachM ∈ {−2f−1, . . . , 2f+1}
there exists exactly one dark state given by (see Fig. 2)
|DM 〉{f,f+1} ≡ |F = 2f + 1,M〉ge . (22)
As opposed to the case before, here the dark states are
states of maximal total angular momentum. To see why
these states are dark, notice first that for both atoms in
the ground manifold the maximal total angular momen-
tum allowed by fermion statistics is F = 2f − 1. Hence,
due to selection rules (∆F = 0,±1) the above state can
not decay to any allowed state in the ground-state. Thus,
|F = 2f + 1,M〉ge is a dark state for the multi-V level
structure.
For completeness, we note that for the multi-Λ struc-
ture with n = 2 atoms per site there exist no dark states,
because the number of decay channels is too large. How-
ever, for this level structure dark states do exist at larger
filling, as we will show below.
As a side remark, we note that these dark states do
not generally have any obvious orbital symmetry proper-
ties. An exception to this are the dark states |D0〉{f,f}
and |D0〉{f,f+1}, which are symmetric and antisymmet-
ric for g ↔ e exchanges, respectively.5 The correspond-
ing symmetry follows from the symmetries of the respec-
tive Clebsch-Gordan coefficients in Eq. (16) and from
|ambn〉 = − |bnam〉. Specifically, 〈f1,m; f2,−m|F, 0〉 =
(−1)f1+f2−F 〈f1,−m; f2,m|F, 0〉. Alternatively, this can
also be understood in the single-particle Fock basis from
the symmetries of the Cqm coefficients.
5 For comparison, recall that for a two-level system in the Dicke
limit the dark state (|eg〉 − |ge〉)/√2 is antisymmetric. In this
case, both atoms are assumed to have the same dipole matrix
element connecting their respective g and e states.
7D. Searching for dark states
In order to address the more complicated case n ≥ 3,
we outline here a general procedure to search for dark
states using the basis of total angular momentum states.
This will further allow to show that Eqs. (21) and (22)
are the only dark states for n = 2. An alternative proof
of this using the single-particle Fock basis is provided in
App. D.
We divide the search for dark states into three steps:
1. Write down all angular momentum states allowed
by fermion statistics.
2. Use dipole selection rules to check if any angular
momentum state is dark.
3. Analyze decay channels of the remaining angular
momentum states to search for superposition dark
states.
To exemplify this, we focus here on the example of n = 2
and search for single-excitation dark states. We start
by writing down all states allowed by fermion statistics,
both with zero and one excitation. As argued above
(c.f. Sec. III), when both atoms are in the ground man-
ifold only states with even total F are allowed. For a
given half-integer fg ≡ f , this means that the Hilbert
subspace of two atoms in the ground manifold is given
by
|F = 0,M〉gg
|F = 2,M〉gg
|F = 4,M〉gg
...
|F = 2f − 1,M〉gg
(23)
where the quantum number M can take any value from
−F to F , as usual. States with one e excitation are
not restricted by fermion statistics, since the two atoms
become distinguishable. The available states now depend
on the internal level structure. For the multi- structure
one has
fe = fg ≡ f : |F = 0,M〉ge
|F = 1,M〉ge
...
|F = 2f,M〉ge ,
(24)
and for the multi-V structure we get
fe = fg + 1 ≡ f + 1 : |F = 1,M〉ge
|F = 2,M〉ge
...
|F = 2f + 1,M〉ge .
(25)
The absence of dark states for the multi-Λ level structure
can be shown similarly to the absence of other dark states
different from Eqs. (21) and (22), and hence will not be
further discussed.
Next, we study whether any of the basis states in
Eqs. (24) and (25) are dark by looking at their possi-
ble decay channels and using dipole selection rules. It
is straightforward to see that all basis states except the
ones from Eqs. (21) and (22) have at least one open
decay channel. For example, for the multi- structure
[Eq. (24)], the state |1,M〉ge can decay to both |0, 0〉gg
as well as |2,M ′〉gg, whereas the state |2f,M〉ge can de-
cay to |2f − 1,M ′〉gg.
This first analysis, however, does not completely rule
out the possibility of dark states made of superpositions
of different angular momentum states. In the last step,
we consider this possibility. As shown in Sec. IV B, dark
states are made of states with the same magnetic number
M . Therefore, we start by writing down all available ba-
sis states |F ≥M,M〉ge, omitting the states which have
already been shown to be dark. We then analyze all
the distinct decay channels with polarization q and final
state |φf 〉 of these states. This gives a homogeneous set
of equations with ndecays equations equal to the number
of distinct decay channels, and nstates variables (ampli-
tudes of states) given by the number of available states.
Since the Clebsch-Gordan coefficients are real, the vari-
ables can be assumed to be real too.
To find out if solutions to the linear system of equa-
tions exist, it suffices to know its rank. While this can of
course be computed by explicitly writing down all equa-
tions, estimating it on general grounds is hard. For the
purpose of estimation, we assume that if all states in-
volved have different total F , then all equations are lin-
early independent. Using this, the number of dark states
can easily be estimated from nMdarks = nstates − ndecays.
For the cases considered here we find this assumption to
be indeed consistent with the numerical results for the
total number of dark states, see Sec. V. In the hypotheti-
cal case where this assumption may break, the estimates
made here constitute at least a lower bound on the num-
ber of dark states for a given system.
Using this one can show that there exist no other
dark states for n = 2 than the ones given in Eqs. (21)
and (22). As an example, consider the multi- struc-
ture with f > 1/2 and let us look for dark states with
M = 2f − 1. In this case, there are two basis states
that can be used to form dark states: |2f, 2f − 1〉ge and
|2f − 1, 2f − 1〉ge. Both these states can decay to two
states, |2f − 1, 2f − 1〉gg and |2f − 1, 2f − 2〉gg, via po-
larizations q = 0 and q = 1, respectively (recall that
Dˆ−q leads to M → M − q). Therefore, the number of
dark states is nMdarks = 2 − 2 = 0. The same procedure
can be applied to all possible values of M to rule out
the possibility of dark states different from Eqs. (21) and
(22). Nontrivial superposition dark states will emerge for
n ≥ 3, as we show next.
8E. Dark states for n ≥ 3 fermions per site
Using the concepts introduced in the previous section
(Sec. IV D), we study the dark states for fillings n ≥ 3.
As opposed to the n = 2 case, finding general analytical
expressions for n ≥ 3 dark states for generic level struc-
tures is rather complicated. Therefore, we concentrate
on some simple cases, derive the total number of dark
states, and discuss their general properties.
We start with filling n = 3 and consider first fg = 3/2
since for smaller fg the states are trivial. Following the
discussion in Sec. III only the following states with three
atoms in the ground manifold are allowed (see App. E):
fg ≡ f : |F = 3/2,M〉ggg . (26)
To write down the allowed single-excitation states (gge)
we start by coupling the two atoms in the ground mani-
fold into states |f12,m12〉gg with f12 = 0, 2. This we can
straightforwardly couple with the third atom to obtain
all the allowed states. To simplify the notation, we will
write the allowed states in the format
fg ↔ fe : |(f12)F,M〉gge . (27)
The allowed states for the three level structures of Eq. (1)
are then given by
3
2
↔ 1
2
: |(0)F,M〉gge , F =
1
2
|(2)F ;M〉gge , F =
3
2
,
5
2
(28)
3
2
↔ 3
2
: |(0)F,M〉gge , F =
3
2
|(2)F ;M〉gge , F =
1
2
,
3
2
,
5
2
,
7
2
(29)
3
2
↔ 5
2
: |(0)F,M〉gge , F =
5
2
|(2)F ;M〉gge , F =
1
2
,
3
2
,
5
2
,
7
2
,
9
2
.
(30)
For the multi-Λ level structure, fg = 3/2 ↔ fe = 1/2
we find again no dark states, because there are too many
decay channels.
To find the dark states for the multi- and multi-V
level structures, it is important to notice that in both
cases there exist distinct sets of states with the same
total F but different f12, see Eqs. (29) and (30). Because
of this, the decay channels of the two sets of states can
indeed be shown to be linearly dependent. To see this,
consider a superposition α |a〉+β |b〉 with the states |a〉 ≡
|(fa12)F,M〉 and |b〉 ≡
∣∣(f b12)F,M〉 with fa12 6= f b12, and
assume that they can both decay to |q〉 ≡ |F ′,M − q〉
with q = 0,±1. This gives rise to three equations to be
fulfilled, 〈q| Dˆ−q |a〉α+〈q| Dˆ−q |b〉β = 0, one for each value
of q. Using Eq. (17) one can show, however, that
〈q| Dˆ−q |a〉
〈q| Dˆ−q |b〉
=
R(F, F ′, fa12)
R(F, F ′, f b12)
, (31)
where R is a reduced dipole moment. This means that
the ratio of the prefactors of α and β is q-independent,
and hence that the three equations are exactly equivalent
up to an overall prefactor.
For the multi- level structure, fg = 3/2 ↔ fe = 3/2
we find a total of 12 dark states. First of all, the
basis states |(2)7/2,M〉gge are automatically dark be-
cause the maximal F of the ggg states is 3/2. Apart
from this, we can form dark states combining the states
|(0)3/2,M〉gge and |(2)3/2,M〉gge. Following the pre-
vious argument, these two states (with the same F )
can decay to |3/2,M − q〉ggg, where the three conditions
(q = 0,±1) are linearly dependent, i.e. effectively they
have only one decay channel. Thus, there is a superpo-
sition which is dark for every M . As a proof of princi-
ple, we compute this superposition explicitly in App. F.
Therefore, there are a total of 8 + 4 = 12 dark states.
For the multi-V level structure, fg = 3/2 ↔ fe = 5/2
we find a total of 24 dark states. In this case, both the
|(2)9/2,M〉gge and |(2)7/2,M〉gge basis states are dark.
Apart from this, there exist dark states made up of super-
positions of |(0)5/2,M〉gge and |(2)5/2,M〉gge for each
M . Thus, the total is 10 + 8 + 6 = 24.
The same game can be played for level structures with
fg > 3/2, which leads to ever increasing numbers of dark
states. In this way, for example, we obtain 30 dark states
for fg = 5/2 ↔ fe = 5/2, 60 for fg = 5/2 ↔ fe = 7/2,
and again none for fg = 5/2↔ fe = 3/2. Finding general
results for dark states made of superpositions of differ-
ent basis states is complicated for n = 3. However, we
can easily generalize which single basis states are dark
for generic level structures. To do so, note that the max-
imal F of ggg states is 3fg − 3 (see App. E), whereas
the maximal F of gge states is 2fg − 1 + fe. The differ-
ence is fe − fg + 2. Therefore, for the multi- structure
(f ↔ f) the states |(2f − 1)3f − 1,M〉gge are always
dark, whereas for the multi-V structure (f ↔ f + 1)
the states |(2f − 1)3f,M〉gge and |(2f − 1)3f − 1,M〉gge
are dark. In neither of the above examples, however, do
we find double-excited dark states.
For filling n = 4 we do find explicit double-excited dark
states. As an example we consider fg = 3/2↔ fe = 5/2.
In this case, one can show that there exist 21 single-
excitation dark states, specifically the ggge states with
F = 2, 3, 4. To find the double-excited states recall first
that for three atoms in the ground manifold the only
allowed state is |3/2,M〉ggg [see Eq. (26)]. Therefore,
the single-excited states for n = 4 are given by
3
2
↔ 5
2
: |F,M〉ggge , F = 1, 2, 3, 4. (32)
To find the available double-excited states we first con-
struct |f12,m12〉gg with f12 = 0, 2, and |f34,m34〉ee with
f34 = 0, 2, 4. Coupling the two-atom states together then
gives rise to the following double-excited states (notation:
9|(f12, f34)F,M〉ggee):
3
2
↔ 5
2
: |(0, 0)F,M〉ggee , F = 0
|(0, 2)F,M〉ggee , F = 2
|(0, 4)F,M〉ggee , F = 4
|(2, 0)F,M〉ggee , F = 2
|(2, 2)F,M〉ggee , F = 0, 1, 2, 3, 4
|(2, 4)F,M〉ggee , F = 2, 3, 4, 5, 6.
(33)
From this one can immediately see that the double-
excited states |(2, 4)6,M〉ggee are dark, because the max-
imal F of the ggge states is 4. Moreover, using the same
method of counting the multiplicities of states with the
same F and their decay channels (taking their linear de-
pendence into account) reveals that there exist double-
excited dark states for superpositions of F = 0, 2, 4
states, respectively. This gives a total of 13+1+5+9 = 28
double-excited dark states.
For the multi- structure with fg = 3/2 ↔ fe = 3/2
and n = 4 we also find one double-excited dark state,
made of a superposition of two F = 0 ggee states. Apart
from this, it has 13 single-excited dark states correspond-
ing to ggge states with F = 0, 2, 3. For the multi-Λ struc-
ture with n = 4 we find no double-excited dark states,
but we do find for the first time 5 single-excited dark
states with total F = 2. This is because while two of
the atoms block two ground levels, the remaining two
atoms see an effective 1/2 ↔ 1/2 level structure (with
Clebsch-Gordan coefficients determined by the original
3/2↔ 1/2 transitions).
Dark states for yet higher fillings can be found using
the same procedures, or with numerical simulations.
F. Bosonic dark states
Of course, the formalism introduced here is readily ap-
plicable to the bosonic case too, where bosonic statistics
can help constructing dark states. For filling n = 2, the
available states with two bosonic atoms in the ground
manifold are given by
|F = 0,M〉gg
|F = 2,M〉gg
...
|F = 2f,M〉gg ,
(34)
where now f is assumed to be an integer. In this
case, for the multi- structure fe = fg ≡ f the state
|F = 0,M = 0〉ge is again a dark state, because it can
only decay to |0, 0〉gg which is again forbidden by se-
lection rules. However, for the multi-V structure there
are now no dark states at all. In particular, the states
|F = 2f + 1,M〉ge have now an open decay channel to
|2f,M ′〉gg, as opposed to the fermionic case.
The special case of effective two-level bosonic atoms is
interesting. This effective level structure can be achieved
using a strong magnetic field to isolate two stretched lev-
els, without populating the other levels. In this case, the
state (|ge〉 − |eg〉)/√2 is not allowed by boson statistics
when both atoms are in the ground motional state. The
only allowed states in that case are the symmetric states,
which are not dark. Thus, in order to create dark states
with 2 bosonic two-level atoms on a single site, one would
need to involve higher motional bands. A thorough anal-
ysis of the dark states of bosons for higher bands or for
general filling n is beyond the scope of this work.
V. NUMERICAL EIGENSTATES
In this section, we numerically investigate the full spec-
trum of eigenstates for the single-site problem. We nu-
merically check in this way the analytical predictions of
the previous section, and further provide some insights
into the structure of the remaining eigenstates.
To this end, we rewrite the master equation, Eq. (8),
as dρˆ/dt = −i(Hˆeffρˆ − ρˆHˆ†eff) + Lrec(ρˆ) in terms of the
effective non-Hermitian Hamiltonian
Hˆeff = −
∑
i,j
∑
q,q′
Gi,jq,q′ Dˆ+i,q Dˆ−j,q′ , (35)
with Gi,jq,q′ = Ri,jq,q′ + iIi,jq,q′ , and the recycling term
Lrec(ρˆ) = 2
∑
i,j
∑
q,q′
Ii,jq,q′Dˆ−j,q′ ρˆ Dˆ+i,q. (36)
The action of the effective Hamiltonian Hˆeff conserves
the total number of excitations, nˆe ≡
∑
i,m cˆ
†
i,em
cˆi,em .
Therefore, its (right) eigenstates can be labelled in terms
of their number of excitations ne. For a given ne, the
eigenvalues of the |k〉ne eigenstate can be written as λk =
εk − iγk/2, where εk is the energy and γk describes the
total decay rate into the (ne−1)-excited manifold. It can
also be obtained from γk = Tr[Lrec(|k〉 〈k|)] [48]. Notice
that this quantity only gives the decay rate into the next
excited manifold, and not the total decay rate into the
manifold with zero excitations.
In the following, we numerically compute the eigen-
states of Hˆeff for n atoms on a single site (we drop the
index i in the following). The structure of eigenstates
depends, in principle, on the geometry of the onsite trap-
ping potential. Recall that the onsite Green’s tensor is
given by ReGii ∝ U(k0, `)(1−3eLz ⊗eLz ) and ImGii ∝ 1,
see Eqs. (13) and (14). The geometry dependence enters
in the prefactor U and the relative orientation of the lat-
tice and quantization axes, θ ≡ ∠(ez, eLz ).
For a given onsite prefactor U , however, the eigenval-
ues of Hˆeff are independent of the relative orientation
of lattice and quantization axis (θ), and the eigenstates
for different orientations are related by rotations with re-
spect to θ. This is because one can always define the
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<latexit sha1_base64="wgcHfzWsDAT+h5NPAyvazk7rcgo=">AAAB6nicdZDLSgMxFIbPeK31VnXpJlgEV yUpYtuFUBTEZUV7gXYomTTThmYuJBmhDH0ENy4UcesTufNtzLQVVPSHwMf/n0POOV4shTYYfzhLyyura+u5jfzm1vbObmFvv6WjRDHeZJGMVMejmksR8qYRRvJOrDgNPMnb3vgyy9v3XGkRhXdmEnM3oMNQ+IJRY63bq3PcLx RxCWNMCEEZkMoZtlCrVcukikgWWRVhoUa/8N4bRCwJeGiYpFp3CY6Nm1JlBJN8mu8lmseUjemQdy2GNODaTWejTtGxdQbIj5R9oUEz93tHSgOtJ4FnKwNqRvp3lpl/Zd3E+FU3FWGcGB6y+Ud+IpGJULY3GgjFmZETC5QpYWd FbEQVZcZeJ2+P8LUp+h9a5RKxfHNarF8szpGDQziCEyBQgTpcQwOawGAID/AEz450Hp0X53VeuuQseg7gh5y3T9c/jYE=</latexit><latexit sha1_base64="wgcHfzWsDAT+h5NPAyvazk7rcgo=">AAAB6nicdZDLSgMxFIbPeK31VnXpJlgEV yUpYtuFUBTEZUV7gXYomTTThmYuJBmhDH0ENy4UcesTufNtzLQVVPSHwMf/n0POOV4shTYYfzhLyyura+u5jfzm1vbObmFvv6WjRDHeZJGMVMejmksR8qYRRvJOrDgNPMnb3vgyy9v3XGkRhXdmEnM3oMNQ+IJRY63bq3PcLx RxCWNMCEEZkMoZtlCrVcukikgWWRVhoUa/8N4bRCwJeGiYpFp3CY6Nm1JlBJN8mu8lmseUjemQdy2GNODaTWejTtGxdQbIj5R9oUEz93tHSgOtJ4FnKwNqRvp3lpl/Zd3E+FU3FWGcGB6y+Ud+IpGJULY3GgjFmZETC5QpYWd FbEQVZcZeJ2+P8LUp+h9a5RKxfHNarF8szpGDQziCEyBQgTpcQwOawGAID/AEz450Hp0X53VeuuQseg7gh5y3T9c/jYE=</latexit><latexit sha1_base64="wgcHfzWsDAT+h5NPAyvazk7rcgo=">AAAB6nicdZDLSgMxFIbPeK31VnXpJlgEV yUpYtuFUBTEZUV7gXYomTTThmYuJBmhDH0ENy4UcesTufNtzLQVVPSHwMf/n0POOV4shTYYfzhLyyura+u5jfzm1vbObmFvv6WjRDHeZJGMVMejmksR8qYRRvJOrDgNPMnb3vgyy9v3XGkRhXdmEnM3oMNQ+IJRY63bq3PcLx RxCWNMCEEZkMoZtlCrVcukikgWWRVhoUa/8N4bRCwJeGiYpFp3CY6Nm1JlBJN8mu8lmseUjemQdy2GNODaTWejTtGxdQbIj5R9oUEz93tHSgOtJ4FnKwNqRvp3lpl/Zd3E+FU3FWGcGB6y+Ud+IpGJULY3GgjFmZETC5QpYWd FbEQVZcZeJ2+P8LUp+h9a5RKxfHNarF8szpGDQziCEyBQgTpcQwOawGAID/AEz450Hp0X53VeuuQseg7gh5y3T9c/jYE=</latexit><latexit sha1_base64="wgcHfzWsDAT+h5NPAyvazk7rcgo=">AAAB6nicdZDLSgMxFIbPeK31VnXpJlgEV yUpYtuFUBTEZUV7gXYomTTThmYuJBmhDH0ENy4UcesTufNtzLQVVPSHwMf/n0POOV4shTYYfzhLyyura+u5jfzm1vbObmFvv6WjRDHeZJGMVMejmksR8qYRRvJOrDgNPMnb3vgyy9v3XGkRhXdmEnM3oMNQ+IJRY63bq3PcLx RxCWNMCEEZkMoZtlCrVcukikgWWRVhoUa/8N4bRCwJeGiYpFp3CY6Nm1JlBJN8mu8lmseUjemQdy2GNODaTWejTtGxdQbIj5R9oUEz93tHSgOtJ4FnKwNqRvp3lpl/Zd3E+FU3FWGcGB6y+Ud+IpGJULY3GgjFmZETC5QpYWd FbEQVZcZeJ2+P8LUp+h9a5RKxfHNarF8szpGDQziCEyBQgTpcQwOawGAID/AEz450Hp0X53VeuuQseg7gh5y3T9c/jYE=</latexit>
F = 1
<latexit sha1_base64="IFQ9CKKxMrzH+uqdQNIEPzp+SsM=">AAAB6nicdZDLSgMxFIbPeK31VnXpJl gEVyUpYtuFUBTEZUV7gXYomTTThmYuJBmhDH0ENy4UcesTufNtzLQVVPSHwMf/n0POOV4shTYYfzhLyyura+u5jfzm1vbObmFvv6WjRDHeZJGMVMejmksR8qYRRvJOrDgNPMnb3vgyy9v3XGkRhXdmEnM3oMNQ+IJR Y63bq3PSLxRxCWNMCEEZkMoZtlCrVcukikgWWRVhoUa/8N4bRCwJeGiYpFp3CY6Nm1JlBJN8mu8lmseUjemQdy2GNODaTWejTtGxdQbIj5R9oUEz93tHSgOtJ4FnKwNqRvp3lpl/Zd3E+FU3FWGcGB6y+Ud+IpGJULY 3GgjFmZETC5QpYWdFbEQVZcZeJ2+P8LUp+h9a5RKxfHNarF8szpGDQziCEyBQgTpcQwOawGAID/AEz450Hp0X53VeuuQseg7gh5y3T9jDjYI=</latexit><latexit sha1_base64="IFQ9CKKxMrzH+uqdQNIEPzp+SsM=">AAAB6nicdZDLSgMxFIbPeK31VnXpJl gEVyUpYtuFUBTEZUV7gXYomTTThmYuJBmhDH0ENy4UcesTufNtzLQVVPSHwMf/n0POOV4shTYYfzhLyyura+u5jfzm1vbObmFvv6WjRDHeZJGMVMejmksR8qYRRvJOrDgNPMnb3vgyy9v3XGkRhXdmEnM3oMNQ+IJR Y63bq3PSLxRxCWNMCEEZkMoZtlCrVcukikgWWRVhoUa/8N4bRCwJeGiYpFp3CY6Nm1JlBJN8mu8lmseUjemQdy2GNODaTWejTtGxdQbIj5R9oUEz93tHSgOtJ4FnKwNqRvp3lpl/Zd3E+FU3FWGcGB6y+Ud+IpGJULY 3GgjFmZETC5QpYWdFbEQVZcZeJ2+P8LUp+h9a5RKxfHNarF8szpGDQziCEyBQgTpcQwOawGAID/AEz450Hp0X53VeuuQseg7gh5y3T9jDjYI=</latexit><latexit sha1_base64="IFQ9CKKxMrzH+uqdQNIEPzp+SsM=">AAAB6nicdZDLSgMxFIbPeK31VnXpJl gEVyUpYtuFUBTEZUV7gXYomTTThmYuJBmhDH0ENy4UcesTufNtzLQVVPSHwMf/n0POOV4shTYYfzhLyyura+u5jfzm1vbObmFvv6WjRDHeZJGMVMejmksR8qYRRvJOrDgNPMnb3vgyy9v3XGkRhXdmEnM3oMNQ+IJR Y63bq3PSLxRxCWNMCEEZkMoZtlCrVcukikgWWRVhoUa/8N4bRCwJeGiYpFp3CY6Nm1JlBJN8mu8lmseUjemQdy2GNODaTWejTtGxdQbIj5R9oUEz93tHSgOtJ4FnKwNqRvp3lpl/Zd3E+FU3FWGcGB6y+Ud+IpGJULY 3GgjFmZETC5QpYWdFbEQVZcZeJ2+P8LUp+h9a5RKxfHNarF8szpGDQziCEyBQgTpcQwOawGAID/AEz450Hp0X53VeuuQseg7gh5y3T9jDjYI=</latexit><latexit sha1_base64="IFQ9CKKxMrzH+uqdQNIEPzp+SsM=">AAAB6nicdZDLSgMxFIbPeK31VnXpJl gEVyUpYtuFUBTEZUV7gXYomTTThmYuJBmhDH0ENy4UcesTufNtzLQVVPSHwMf/n0POOV4shTYYfzhLyyura+u5jfzm1vbObmFvv6WjRDHeZJGMVMejmksR8qYRRvJOrDgNPMnb3vgyy9v3XGkRhXdmEnM3oMNQ+IJR Y63bq3PSLxRxCWNMCEEZkMoZtlCrVcukikgWWRVhoUa/8N4bRCwJeGiYpFp3CY6Nm1JlBJN8mu8lmseUjemQdy2GNODaTWejTtGxdQbIj5R9oUEz93tHSgOtJ4FnKwNqRvp3lpl/Zd3E+FU3FWGcGB6y+Ud+IpGJULY 3GgjFmZETC5QpYWdFbEQVZcZeJ2+P8LUp+h9a5RKxfHNarF8szpGDQziCEyBQgTpcQwOawGAID/AEz450Hp0X53VeuuQseg7gh5y3T9jDjYI=</latexit>F = 2
<latexit sha1_base64= "g0pIA3OUrUP7VfTMXtRlLWrnOfU=">AAAB6nicd ZDLSgMxFIbPeK31VnXpJlgEVyUpYtuFUBTEZUV7gX YomTTThmYuJBmhDH0ENy4UcesTufNtzLQVVPSHwMf /n0POOV4shTYYfzhLyyura+u5jfzm1vbObmFvv6W jRDHeZJGMVMejmksR8qYRRvJOrDgNPMnb3vgyy9v3 XGkRhXdmEnM3oMNQ+IJRY63bq/Nyv1DEJYwxIQRl QCpn2EKtVi2TKiJZZFWEhRr9wntvELEk4KFhkmrdJ Tg2bkqVEUzyab6XaB5TNqZD3rUY0oBrN52NOkXH1h kgP1L2hQbN3O8dKQ20ngSerQyoGenfWWb+lXUT41 fdVIRxYnjI5h/5iUQmQtneaCAUZ0ZOLFCmhJ0VsRF VlBl7nbw9wtem6H9olUvE8s1psX6xOEcODuEIToBA BepwDQ1oAoMhPMATPDvSeXRenNd56ZKz6DmAH3Le PgHaR42D</latexit><latexit sha1_base64= "g0pIA3OUrUP7VfTMXtRlLWrnOfU=">AAAB6nicd ZDLSgMxFIbPeK31VnXpJlgEVyUpYtuFUBTEZUV7gX YomTTThmYuJBmhDH0ENy4UcesTufNtzLQVVPSHwMf /n0POOV4shTYYfzhLyyura+u5jfzm1vbObmFvv6W jRDHeZJGMVMejmksR8qYRRvJOrDgNPMnb3vgyy9v3 XGkRhXdmEnM3oMNQ+IJRY63bq/Nyv1DEJYwxIQRl QCpn2EKtVi2TKiJZZFWEhRr9wntvELEk4KFhkmrdJ Tg2bkqVEUzyab6XaB5TNqZD3rUY0oBrN52NOkXH1h kgP1L2hQbN3O8dKQ20ngSerQyoGenfWWb+lXUT41 fdVIRxYnjI5h/5iUQmQtneaCAUZ0ZOLFCmhJ0VsRF VlBl7nbw9wtem6H9olUvE8s1psX6xOEcODuEIToBA BepwDQ1oAoMhPMATPDvSeXRenNd56ZKz6DmAH3Le PgHaR42D</latexit><latexit sha1_base64= "g0pIA3OUrUP7VfTMXtRlLWrnOfU=">AAAB6nicd ZDLSgMxFIbPeK31VnXpJlgEVyUpYtuFUBTEZUV7gX YomTTThmYuJBmhDH0ENy4UcesTufNtzLQVVPSHwMf /n0POOV4shTYYfzhLyyura+u5jfzm1vbObmFvv6W jRDHeZJGMVMejmksR8qYRRvJOrDgNPMnb3vgyy9v3 XGkRhXdmEnM3oMNQ+IJRY63bq/Nyv1DEJYwxIQRl QCpn2EKtVi2TKiJZZFWEhRr9wntvELEk4KFhkmrdJ Tg2bkqVEUzyab6XaB5TNqZD3rUY0oBrN52NOkXH1h kgP1L2hQbN3O8dKQ20ngSerQyoGenfWWb+lXUT41 fdVIRxYnjI5h/5iUQmQtneaCAUZ0ZOLFCmhJ0VsRF VlBl7nbw9wtem6H9olUvE8s1psX6xOEcODuEIToBA BepwDQ1oAoMhPMATPDvSeXRenNd56ZKz6DmAH3Le PgHaR42D</latexit><latexit sha1_base64= "g0pIA3OUrUP7VfTMXtRlLWrnOfU=">AAAB6nicd ZDLSgMxFIbPeK31VnXpJlgEVyUpYtuFUBTEZUV7gX YomTTThmYuJBmhDH0ENy4UcesTufNtzLQVVPSHwMf /n0POOV4shTYYfzhLyyura+u5jfzm1vbObmFvv6W jRDHeZJGMVMejmksR8qYRRvJOrDgNPMnb3vgyy9v3 XGkRhXdmEnM3oMNQ+IJRY63bq/Nyv1DEJYwxIQRl QCpn2EKtVi2TKiJZZFWEhRr9wntvELEk4KFhkmrdJ Tg2bkqVEUzyab6XaB5TNqZD3rUY0oBrN52NOkXH1h kgP1L2hQbN3O8dKQ20ngSerQyoGenfWWb+lXUT41 fdVIRxYnjI5h/5iUQmQtneaCAUZ0ZOLFCmhJ0VsRF VlBl7nbw9wtem6H9olUvE8s1psX6xOEcODuEIToBA BepwDQ1oAoMhPMATPDvSeXRenNd56ZKz6DmAH3Le PgHaR42D</latexit>
F = 3
<latexit sha1_base64="Ht37NaVojeV1aC0XJy6YF jScp8o=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8EiuCpJFdsuhKIgLivaC7RDyaRpG5q5kGSEMvQR3LhQxK1 P5M63MdNWUNEfAh//fw4553iRFNpg/OFklpZXVtey67mNza3tnfzuXlOHsWK8wUIZqrZHNZci4A0jjOTtSHHq e5K3vPFlmrfuudIiDO7MJOKuT4eBGAhGjbVur85PevkCLmKMCSEoBVI+wxaq1UqJVBBJI6sCLFTv5d+7/ZDF Pg8Mk1TrDsGRcROqjGCST3PdWPOIsjEd8o7FgPpcu8ls1Ck6sk4fDUJlX2DQzP3ekVBf64nv2UqfmpH+naXmX 1knNoOKm4ggig0P2PyjQSyRCVG6N+oLxZmREwuUKWFnRWxEFWXGXidnj/C1KfofmqUisXxzWqhdLM6RhQM4h GMgUIYaXEMdGsBgCA/wBM+OdB6dF+d1XppxFj378EPO2yfby42E</latexit><latexit sha1_base64="Ht37NaVojeV1aC0XJy6YF jScp8o=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8EiuCpJFdsuhKIgLivaC7RDyaRpG5q5kGSEMvQR3LhQxK1 P5M63MdNWUNEfAh//fw4553iRFNpg/OFklpZXVtey67mNza3tnfzuXlOHsWK8wUIZqrZHNZci4A0jjOTtSHHq e5K3vPFlmrfuudIiDO7MJOKuT4eBGAhGjbVur85PevkCLmKMCSEoBVI+wxaq1UqJVBBJI6sCLFTv5d+7/ZDF Pg8Mk1TrDsGRcROqjGCST3PdWPOIsjEd8o7FgPpcu8ls1Ck6sk4fDUJlX2DQzP3ekVBf64nv2UqfmpH+naXmX 1knNoOKm4ggig0P2PyjQSyRCVG6N+oLxZmREwuUKWFnRWxEFWXGXidnj/C1KfofmqUisXxzWqhdLM6RhQM4h GMgUIYaXEMdGsBgCA/wBM+OdB6dF+d1XppxFj378EPO2yfby42E</latexit><latexit sha1_base64="Ht37NaVojeV1aC0XJy6YF jScp8o=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8EiuCpJFdsuhKIgLivaC7RDyaRpG5q5kGSEMvQR3LhQxK1 P5M63MdNWUNEfAh//fw4553iRFNpg/OFklpZXVtey67mNza3tnfzuXlOHsWK8wUIZqrZHNZci4A0jjOTtSHHq e5K3vPFlmrfuudIiDO7MJOKuT4eBGAhGjbVur85PevkCLmKMCSEoBVI+wxaq1UqJVBBJI6sCLFTv5d+7/ZDF Pg8Mk1TrDsGRcROqjGCST3PdWPOIsjEd8o7FgPpcu8ls1Ck6sk4fDUJlX2DQzP3ekVBf64nv2UqfmpH+naXmX 1knNoOKm4ggig0P2PyjQSyRCVG6N+oLxZmREwuUKWFnRWxEFWXGXidnj/C1KfofmqUisXxzWqhdLM6RhQM4h GMgUIYaXEMdGsBgCA/wBM+OdB6dF+d1XppxFj378EPO2yfby42E</latexit><latexit sha1_base64="Ht37NaVojeV1aC0XJy6YF jScp8o=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8EiuCpJFdsuhKIgLivaC7RDyaRpG5q5kGSEMvQR3LhQxK1 P5M63MdNWUNEfAh//fw4553iRFNpg/OFklpZXVtey67mNza3tnfzuXlOHsWK8wUIZqrZHNZci4A0jjOTtSHHq e5K3vPFlmrfuudIiDO7MJOKuT4eBGAhGjbVur85PevkCLmKMCSEoBVI+wxaq1UqJVBBJI6sCLFTv5d+7/ZDF Pg8Mk1TrDsGRcROqjGCST3PdWPOIsjEd8o7FgPpcu8ls1Ck6sk4fDUJlX2DQzP3ekVBf64nv2UqfmpH+naXmX 1knNoOKm4ggig0P2PyjQSyRCVG6N+oLxZmREwuUKWFnRWxEFWXGXidnj/C1KfofmqUisXxzWqhdLM6RhQM4h GMgUIYaXEMdGsBgCA/wBM+OdB6dF+d1XppxFj378EPO2yfby42E</latexit>
F = 4
<latexit sha1_base64="YeWsiJUy7fj60PFhWqN g1aOekio=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8EiuCpJKbZdCEVBXFa0F2iHkkkzbWjmQpIRSukjuH GhiFufyJ1vY6atoKI/BD7+/xxyzvFiKbTB+MPJrKyurW9kN3Nb2zu7e/n9g5aOEsV4k0UyUh2Pai5FyJtG GMk7seI08CRve+PLNG/fc6VFFN6ZSczdgA5D4QtGjbVur87L/XwBFzHGhBCUAqmcYQu1WrVEqoikkVUBl mr08++9QcSSgIeGSap1l+DYuFOqjGCSz3K9RPOYsjEd8q7FkAZcu9P5qDN0Yp0B8iNlX2jQ3P3eMaWB1p PAs5UBNSP9O0vNv7JuYvyqOxVhnBgessVHfiKRiVC6NxoIxZmREwuUKWFnRWxEFWXGXidnj/C1KfofWqU isXxTLtQvlufIwhEcwykQqEAdrqEBTWAwhAd4gmdHOo/Oi/O6KM04y55D+CHn7RPdT42F</latexit><latexit sha1_base64="YeWsiJUy7fj60PFhWqN g1aOekio=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8EiuCpJKbZdCEVBXFa0F2iHkkkzbWjmQpIRSukjuH GhiFufyJ1vY6atoKI/BD7+/xxyzvFiKbTB+MPJrKyurW9kN3Nb2zu7e/n9g5aOEsV4k0UyUh2Pai5FyJtG GMk7seI08CRve+PLNG/fc6VFFN6ZSczdgA5D4QtGjbVur87L/XwBFzHGhBCUAqmcYQu1WrVEqoikkVUBl mr08++9QcSSgIeGSap1l+DYuFOqjGCSz3K9RPOYsjEd8q7FkAZcu9P5qDN0Yp0B8iNlX2jQ3P3eMaWB1p PAs5UBNSP9O0vNv7JuYvyqOxVhnBgessVHfiKRiVC6NxoIxZmREwuUKWFnRWxEFWXGXidnj/C1KfofWqU isXxTLtQvlufIwhEcwykQqEAdrqEBTWAwhAd4gmdHOo/Oi/O6KM04y55D+CHn7RPdT42F</latexit><latexit sha1_base64="YeWsiJUy7fj60PFhWqN g1aOekio=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8EiuCpJKbZdCEVBXFa0F2iHkkkzbWjmQpIRSukjuH GhiFufyJ1vY6atoKI/BD7+/xxyzvFiKbTB+MPJrKyurW9kN3Nb2zu7e/n9g5aOEsV4k0UyUh2Pai5FyJtG GMk7seI08CRve+PLNG/fc6VFFN6ZSczdgA5D4QtGjbVur87L/XwBFzHGhBCUAqmcYQu1WrVEqoikkVUBl mr08++9QcSSgIeGSap1l+DYuFOqjGCSz3K9RPOYsjEd8q7FkAZcu9P5qDN0Yp0B8iNlX2jQ3P3eMaWB1p PAs5UBNSP9O0vNv7JuYvyqOxVhnBgessVHfiKRiVC6NxoIxZmREwuUKWFnRWxEFWXGXidnj/C1KfofWqU isXxTLtQvlufIwhEcwykQqEAdrqEBTWAwhAd4gmdHOo/Oi/O6KM04y55D+CHn7RPdT42F</latexit><latexit sha1_base64="YeWsiJUy7fj60PFhWqN g1aOekio=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8EiuCpJKbZdCEVBXFa0F2iHkkkzbWjmQpIRSukjuH GhiFufyJ1vY6atoKI/BD7+/xxyzvFiKbTB+MPJrKyurW9kN3Nb2zu7e/n9g5aOEsV4k0UyUh2Pai5FyJtG GMk7seI08CRve+PLNG/fc6VFFN6ZSczdgA5D4QtGjbVur87L/XwBFzHGhBCUAqmcYQu1WrVEqoikkVUBl mr08++9QcSSgIeGSap1l+DYuFOqjGCSz3K9RPOYsjEd8q7FkAZcu9P5qDN0Yp0B8iNlX2jQ3P3eMaWB1p PAs5UBNSP9O0vNv7JuYvyqOxVhnBgessVHfiKRiVC6NxoIxZmREwuUKWFnRWxEFWXGXidnj/C1KfofWqU isXxTLtQvlufIwhEcwykQqEAdrqEBTWAwhAd4gmdHOo/Oi/O6KM04y55D+CHn7RPdT42F</latexit>
F = 1
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FIG. 3. Eigenstates for n = 2. Decay rates γk/Γ of all eigenstates |k〉 for different level structures (indicated inside the
plots) for n = 2 atoms on a single site, assuming that the coherent dipole interaction part is zero. Each dot corresponds to
an eigenstate and the color indicates the number of excitations as given in the legend. Eigenstates with the same total F are
degenerate. Examples of the value of F for some ne = 1 states are given in blue font inside the plots.
atomic basis with the quantization axis pointing along
the lattice direction. The obtained eigenstates can then
be written in terms of a basis with a different quantiza-
tion axis by applying a rotation. However, the eigenval-
ues remain untouched in this operation. The situation is
of course different if an explicit symmetry-breaking mag-
netic field is applied, which then singles out a particular
direction.
Except for the dark states and other particular cases,
the energies and decay rates generally depend on the
value of the prefactor U . For simplicity, we will consider
in the following the limit of an isotropic local lattice po-
tential such that the coherent part of the onsite dipolar
interactions is zero, U ≡ 0. In this case, the effective
Hamiltonian is given by
Hˆeff ∝
∑
q
Dˆ+q Dˆ−q . (37)
Note that the only terms contributing to the dynamics
are those with q = q′ and hence it conserves the total
magnetic number,6 such that eigenstates can be labelled
6 The total magnetic number M is also conserved for U 6= 0 when
by both ne and M .
The expression
∑
q Dˆ+q Dˆ−q appearing in Eq. (37) is a
scalar operator under rotations, because it can be writ-
ten as the scalar product of two spherical operators (see
App. C). This implies that this operator commutes with
the total angular momentum operator Fˆ, and hence all
its eigenstates can be labelled by F . Therefore, the eigen-
states of the Hamiltonian in Eq. (37) are given by the to-
tal angular momentum eigenstates. Moreover, given that
the Hamiltonian does not depend on the quantization
axis, we expect a degeneracy of all M states correspond-
ing to the same angular momentum quantum numbers.
Figure 3 shows for filling n = 2 the decay rates γk of
the different eigenstates k for the multi-Λ (left), multi-
(top) and multi-V (bottom) level structures. We provide
examples for fg = 1/2 relevant for
171Yb, fg = 5/2 rel-
evant for 173Yb, and fg = 9/2 relevant for
87Sr. The
different colors correspond to different numbers of exci-
tations ne.
eLz ‖ ez . In that case, the terms e∗Tq (eLz ⊗ eLz )eq′ originating
from the coherent part are nonzero only for q = q′ = 0, which
conserves the total M .
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FIG. 4. Eigenstates for n = 3. Decay rates γk/Γ of all eigenstates |k〉 for different level structures (indicated inside the
plots) for n = 3 atoms on a single site, assuming that the coherent dipole interaction part is zero. Each dot corresponds to an
eigenstate and the color indicates the number of excitations as given in the legend.
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FIG. 5. Eigenstates for n = 4. Decay rates γk/Γ of all eigenstates |k〉 for different level structures (indicated inside the
plots) for n = 4 atoms on a single site, assuming that the coherent dipole interaction part is zero. Each dot corresponds to an
eigenstate and the color indicates the number of excitations as given in the legend.
In all cases shown in Fig. 3 the number of dark states
(γk) matches the analytical prediction of the previous
section, Sec. IV C, i.e. no dark states for the multi-Λ, 1
dark state for the multi-, and 2f +1 dark states for the
multi-V level structure. The remaining eigenstates form
various degenerate manifolds with the same decay rate,
either sub- or superradiant. The multiplicity matches
perfectly well the Zeeman multiplicity of the |F,M〉ge
states. This allows to straightforwardly associate the
different eigenstates and decay rates with the |F,M〉ge
states. Some examples of the total F of the eigenstates
are given (in blue font) inside the plots. Apart from this,
the ne = 0 and ne = 2 eigenstates trivially decay with 0
and 2Γ, respectively.
Note that due to Pauli blocking some states with
γk < Γ may actually be superradiant, in the sense that
interference from emission is constructive. For example,
for fe = fg = 1/2 the eigenstate |1, 0〉ge decays with
γk = 2/3Γ. This state is, however, superradiant com-
pared to the decay Γ˜ = 1/3Γ obtained for the states∣∣g∓1/2e±1/2〉 when dipole interactions are ignored and
only Pauli exclusion is taken into account . The prefac-
tor results from a Clebsch-Gordan coefficient.
Figure 4 shows for filling n = 3 the decay rates of
the eigenstates for the multi-Λ, , and V level struc-
tures with fg = 3/2. Again, the number of dark states
predicted in the analytical section, Sec. IV E, matches
the number of dark states found numerically in Fig. 4,
i.e. none for multi-Λ, 12 for multi-, and 24 for multi-
V . We also checked that the dark states predicted for
fg = 5/2 match the numerical results. All the remain-
ing eigenstates are again grouped into degenerate sets of
states and their degeneracy is consistent with the 2F + 1
degeneracy expected for states of same total angular mo-
mentum F .
The case of states with the same F but different f12 is
interesting. For multi- (fg = 3/2) we have two sets of
single-excitation states with F = 3/2 for f12 = 0 and 2,
respectively, see Eq. (29). These states separate into two
sets of 4 eigenstates each, made up of superpositions of
f12 = 0, 2 states. One of these sets is dark, as argued in
Sec. IV E. The other 4 superposition states are nondark
and degenerate, as seen from the 4 blue dots at around
2/3Γ in Fig. 4. The same happens for multi-V , where
the two sets of single-excitation F = 5/2 states split into
a dark subset and a degenerate subset at around 2Γ, see
Fig. 4.
Figure 5 shows for filling n = 4 the decay rates of the
12
eigenstates for the multi-Λ, , and V level structures
with fg = 3/2. The number of dark states again agrees
with the analytical discussion of Sec. IV E. In particular,
notice that in this case the multi-Λ system has for the
first time dark states.
VI. PREPARATION
We discuss in this section different possibilities to co-
herently excite the single-site dark states presented in
Sec. IV starting with the atoms in the ground state. In
particular, we extend the discussion on the Raman exci-
tation scheme presented in Ref. [1], and consider another
method based on lifting the Zeeman sublevels degener-
acy using magnetic fields or off-resonant dressing beams.
In the following, we consider only doubly-occupied sites,
n = 2, since they will be experimentally most relevant,
and consider only a single-site.
Before starting it is instructive to note that, start-
ing with both atoms in the ground manifold, the atoms
can not be directly excited to a dark state using sim-
ply a laser. This is because the matrix element of the
laser Hamiltonian connecting dark and ground states
is zero, for the same reason that makes dark states
dark. More specifically, the laser Hamiltonian is given
by HˆL = −
∑
q
(
Ωq Dˆ+q + h.c.
)
with Rabi frequency
Ωq ≡ Ω
(
e∗q · L
)
and laser polarization L. Since the
dark states |D〉 considered here fulfill the condition (18),
this implies that 〈D| HˆL |G〉 = 0 for any ground state
|G〉.
A. Raman excitation
The Raman excitation scheme consists in coupling
both g and e states off-resonantly to an intermediate
state s, for which we assume a total angular momentum
fs, ms ∈ [−fs, fs], frequency ωs, and decay rate Γs, see
Fig. 6(a). The Hamiltonian is given by (in units of ~)
Hˆ
(1,2)
L = −
∑
m,n
[
Ω(1)smgn σˆsmgn + Ω
(2)
smen σˆsmen + h.c.
]
−∆
∑
m
σˆsmsm , (38)
where Ω
(l)
ambn
= Ω(l)eiφl〈fb n; 1m − n|fam〉(e∗m−n · (l)L ),

(l)
L is the polarization of the l-laser, Ω
(l) is the Rabi
frequency, φl = k
(l)
L · ri is the phase of the laser at array
site i, ω
(l)
L = ck
(l)
L is the laser frequency, and the first sum
runs only over values with |m−n| ≤ 1. The Hamiltonian
is given in a frame where the states e rotate with ω0 and
the states s with ω
(1)
L (the frequency of the g-s laser). In
this frame, the s states are detuned by ∆ = ω
(1)
L − ωs.
Notice that a site dependence enters in the phase φl, but
we suppress the i index for notational simplicity.
When the detuning is large, |∆|  Ω(1),Ω(2),Γs, the
intermediate state can be adiabatically eliminated [49]
and the resulting effective Hamiltonian reads
HˆRaman =
∑
m,n
[
Ωeffmn σˆemgn + h.c.
]
(39)
with effective Rabi coupling Ωeffmn ≡
∑
k Ω
(2)∗
skemΩ
(1)
skgn/∆.
The reason why this Raman Hamiltonian will allow us to
couple to the dark state is that the effective Rabi cou-
plings Ωeffmn have, in general, a different structure than
the single-laser couplings.
As an example, consider fg = fe = fs = 1/2
and let us start with both atoms in the ground
state,
∣∣G1/2〉 ≡ ∣∣g−1/2g1/2〉. Using a single ez-
polarized laser, the corresponding Hamiltonian is
given by HˆL ∝
∑
m C
0
m [σˆemgm + h.c.], which cou-
ples the initial state to the superradiant state |S〉 ≡(∣∣g1/2 e−1/2〉+ ∣∣g−1/2 e1/2〉) /√2. This is because for
this level structure we have C01/2 = −C0−1/2. In con-
trast, if we use the Raman scheme with two ez-polarized
lasers, we get HˆeffL ∝
∑
m(C
q=0
m )
2 [σˆemgm + h.c.], which
instead couples the ground state to (only) the dark state
HˆeffL
∣∣G1/2〉 ∝ |D0〉{ 12 , 12}. Note that the Raman scheme
essentially changes the symmetry of the state as com-
pared to the single laser, due to the square (C01/2)
2 =
(C0−1/2)
2.
Figure 6(c) shows an example of this for a relatively
large effective Rabi coupling Ωeff = 3Γ, where we de-
fined Ωeff ≡ Ω(1)Ω(2)/∆ and set φl = 0. As it can be
seen, the lasers manage to excite the dark state (blue
line) up to an occupation ∼ 0.5. However, the same
lasers also couple the dark state to the double-excited
state |ee〉 ≡ ∣∣e−1/2e1/2〉 (gray line), which subsequently
decays, e.g. into the superradiant state |S〉 (red line),
see Fig. 6(b). The population of the |ee〉 state can be
suppressed by choosing a small effective Rabi coupling,
Ωeff  Γ. Due to the quantum Zeno effect, the doubly-
excited state is then only populated at a rate ∼ (Ωeff)2/Γ.
Figure 6(d) shows that high-contrast coherent oscilla-
tions between ground and dark state are obtained for
Ωeff = 0.03Γ.
The same method can be used to address other dark
states in other level structures. For this, one needs to
choose (i) an initial ground-state |gmgn〉 and (ii) an in-
termediate state and laser polarizations such that the
coupling to the dark state is nonzero. Figure 6(e) shows
an example for fg = fs = fe = 9/2, starting with∣∣G9/2〉 = ∣∣g−9/2g9/2〉 and using ez polarized lasers. Us-
ing again a small Rabi coupling to suppress population
in other non-dark states, we obtain coherent oscillations
of the dark state |D0〉{9/2,9/2}. In this case, however,
other ground states
∣∣GM<9/2〉 ≡ |g−MgM 〉 get excited
along the way, such that we do not achieve a full in-
version into the dark state. Figure 6(f) shows another
example for fg = fs = 5/2, fe = 7/2, starting with∣∣g−5/2g−1/2〉 and using (1)L = ez, (2)L = e+. Again, we
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<latexit sha1_base64="P 8AXElk9vbZCqR3mLp7l+e8XMm4=">AAACFHicbVBLS8NAE N7UV42vqEcvwVIQlJKIoMeiF48VbCu0IWy2k3TpZhN2N0J J+yO8+Fe8eFDEqwdv/hu3bQRtHVj4HjPMzhekjErlOF9Ga Wl5ZXWtvG5ubG5t71i7ey2ZZIJAkyQsEXcBlsAoh6aiisF dKgDHAYN2MLia+O17EJIm/FYNU/BiHHEaUoKVlnzruDqK TmI/6grMIwZmdQSawg8dSc1kwXyr4tScadmLwC1ABRXV8K 3Pbi8hWQxcEYal7LhOqrwcC0UJg7HZzSSkmAxwBB0NOY5B evn0qLFd1UrPDhOhH1f2VP09keNYymEc6M4Yq76c9ybif1 4nU+GFl1OeZgo4mS0KM2arxJ4kZPeoAKLYUANMBNV/tUkf C0yUztHUIbjzJy+C1mnN1fjmrFK/LOIoowN0iI6Qi85RHV 2jBmoigh7QE3pBr8aj8Wy8Ge+z1pJRzOyjP2V8fAPTpp4 Q</latexit><latexit sha1_base64="P 8AXElk9vbZCqR3mLp7l+e8XMm4=">AAACFHicbVBLS8NAE N7UV42vqEcvwVIQlJKIoMeiF48VbCu0IWy2k3TpZhN2N0J J+yO8+Fe8eFDEqwdv/hu3bQRtHVj4HjPMzhekjErlOF9Ga Wl5ZXWtvG5ubG5t71i7ey2ZZIJAkyQsEXcBlsAoh6aiisF dKgDHAYN2MLia+O17EJIm/FYNU/BiHHEaUoKVlnzruDqK TmI/6grMIwZmdQSawg8dSc1kwXyr4tScadmLwC1ABRXV8K 3Pbi8hWQxcEYal7LhOqrwcC0UJg7HZzSSkmAxwBB0NOY5B evn0qLFd1UrPDhOhH1f2VP09keNYymEc6M4Yq76c9ybif1 4nU+GFl1OeZgo4mS0KM2arxJ4kZPeoAKLYUANMBNV/tUkf C0yUztHUIbjzJy+C1mnN1fjmrFK/LOIoowN0iI6Qi85RHV 2jBmoigh7QE3pBr8aj8Wy8Ge+z1pJRzOyjP2V8fAPTpp4 Q</latexit><latexit sha1_base64="P 8AXElk9vbZCqR3mLp7l+e8XMm4=">AAACFHicbVBLS8NAE N7UV42vqEcvwVIQlJKIoMeiF48VbCu0IWy2k3TpZhN2N0J J+yO8+Fe8eFDEqwdv/hu3bQRtHVj4HjPMzhekjErlOF9Ga Wl5ZXWtvG5ubG5t71i7ey2ZZIJAkyQsEXcBlsAoh6aiisF dKgDHAYN2MLia+O17EJIm/FYNU/BiHHEaUoKVlnzruDqK TmI/6grMIwZmdQSawg8dSc1kwXyr4tScadmLwC1ABRXV8K 3Pbi8hWQxcEYal7LhOqrwcC0UJg7HZzSSkmAxwBB0NOY5B evn0qLFd1UrPDhOhH1f2VP09keNYymEc6M4Yq76c9ybif1 4nU+GFl1OeZgo4mS0KM2arxJ4kZPeoAKLYUANMBNV/tUkf C0yUztHUIbjzJy+C1mnN1fjmrFK/LOIoowN0iI6Qi85RHV 2jBmoigh7QE3pBr8aj8Wy8Ge+z1pJRzOyjP2V8fAPTpp4 Q</latexit><latexit sha1_base64="P 8AXElk9vbZCqR3mLp7l+e8XMm4=">AAACFHicbVBLS8NAE N7UV42vqEcvwVIQlJKIoMeiF48VbCu0IWy2k3TpZhN2N0J J+yO8+Fe8eFDEqwdv/hu3bQRtHVj4HjPMzhekjErlOF9Ga Wl5ZXWtvG5ubG5t71i7ey2ZZIJAkyQsEXcBlsAoh6aiisF dKgDHAYN2MLia+O17EJIm/FYNU/BiHHEaUoKVlnzruDqK TmI/6grMIwZmdQSawg8dSc1kwXyr4tScadmLwC1ABRXV8K 3Pbi8hWQxcEYal7LhOqrwcC0UJg7HZzSSkmAxwBB0NOY5B evn0qLFd1UrPDhOhH1f2VP09keNYymEc6M4Yq76c9ybif1 4nU+GFl1OeZgo4mS0KM2arxJ4kZPeoAKLYUANMBNV/tUkf C0yUztHUIbjzJy+C1mnN1fjmrFK/LOIoowN0iI6Qi85RHV 2jBmoigh7QE3pBr8aj8Wy8Ge+z1pJRzOyjP2V8fAPTpp4 Q</latexit>
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<latexit sha1_base64="0P uXFCFDK6W8992txLULrKg+jrI=">AAAB9HicbZBNS8NAEIY nftb6VfXoZbEIHqQkIuix6MVjBfsBbSib7SRdutnE3U2h1P4 OLx4U8eqP8ea/cdvmoK0vLDy8M8PMvkEquDau++2srK6tb2 wWtorbO7t7+6WDw4ZOMsWwzhKRqFZANQousW64EdhKFdI4E NgMBrfTenOISvNEPphRin5MI8lDzqixlv8UncfdqKOojAR2 S2W34s5ElsHLoQy5at3SV6eXsCxGaZigWrc9NzX+mCrDmcBJ sZNpTCkb0AjbFiWNUfvj2dETcmqdHgkTZZ80ZOb+nhjTWOt RHNjOmJq+XqxNzf9q7cyE1/6YyzQzKNl8UZgJYhIyTYD0uE JmxMgCZYrbWwnrU0WZsTkVbQje4peXoXFR8SzfX5arN3kcB TiGEzgDD66gCndQgzoweIRneIU3Z+i8OO/Ox7x1xclnjuCPn M8fwO+SEw==</latexit><latexit sha1_base64="0P uXFCFDK6W8992txLULrKg+jrI=">AAAB9HicbZBNS8NAEIY nftb6VfXoZbEIHqQkIuix6MVjBfsBbSib7SRdutnE3U2h1P4 OLx4U8eqP8ea/cdvmoK0vLDy8M8PMvkEquDau++2srK6tb2 wWtorbO7t7+6WDw4ZOMsWwzhKRqFZANQousW64EdhKFdI4E NgMBrfTenOISvNEPphRin5MI8lDzqixlv8UncfdqKOojAR2 S2W34s5ElsHLoQy5at3SV6eXsCxGaZigWrc9NzX+mCrDmcBJ sZNpTCkb0AjbFiWNUfvj2dETcmqdHgkTZZ80ZOb+nhjTWOt RHNjOmJq+XqxNzf9q7cyE1/6YyzQzKNl8UZgJYhIyTYD0uE JmxMgCZYrbWwnrU0WZsTkVbQje4peXoXFR8SzfX5arN3kcB TiGEzgDD66gCndQgzoweIRneIU3Z+i8OO/Ox7x1xclnjuCPn M8fwO+SEw==</latexit><latexit sha1_base64="0P uXFCFDK6W8992txLULrKg+jrI=">AAAB9HicbZBNS8NAEIY nftb6VfXoZbEIHqQkIuix6MVjBfsBbSib7SRdutnE3U2h1P4 OLx4U8eqP8ea/cdvmoK0vLDy8M8PMvkEquDau++2srK6tb2 wWtorbO7t7+6WDw4ZOMsWwzhKRqFZANQousW64EdhKFdI4E NgMBrfTenOISvNEPphRin5MI8lDzqixlv8UncfdqKOojAR2 S2W34s5ElsHLoQy5at3SV6eXsCxGaZigWrc9NzX+mCrDmcBJ sZNpTCkb0AjbFiWNUfvj2dETcmqdHgkTZZ80ZOb+nhjTWOt RHNjOmJq+XqxNzf9q7cyE1/6YyzQzKNl8UZgJYhIyTYD0uE JmxMgCZYrbWwnrU0WZsTkVbQje4peXoXFR8SzfX5arN3kcB TiGEzgDD66gCndQgzoweIRneIU3Z+i8OO/Ox7x1xclnjuCPn M8fwO+SEw==</latexit><latexit sha1_base64="0P uXFCFDK6W8992txLULrKg+jrI=">AAAB9HicbZBNS8NAEIY nftb6VfXoZbEIHqQkIuix6MVjBfsBbSib7SRdutnE3U2h1P4 OLx4U8eqP8ea/cdvmoK0vLDy8M8PMvkEquDau++2srK6tb2 wWtorbO7t7+6WDw4ZOMsWwzhKRqFZANQousW64EdhKFdI4E NgMBrfTenOISvNEPphRin5MI8lDzqixlv8UncfdqKOojAR2 S2W34s5ElsHLoQy5at3SV6eXsCxGaZigWrc9NzX+mCrDmcBJ sZNpTCkb0AjbFiWNUfvj2dETcmqdHgkTZZ80ZOb+nhjTWOt RHNjOmJq+XqxNzf9q7cyE1/6YyzQzKNl8UZgJYhIyTYD0uE JmxMgCZYrbWwnrU0WZsTkVbQje4peXoXFR8SzfX5arN3kcB TiGEzgDD66gCndQgzoweIRneIU3Z+i8OO/Ox7x1xclnjuCPn M8fwO+SEw==</latexit>
|e,mei
<latexit sha1_base64="gf 4JhcQLFqA3w0HJtP4lGYunROo=">AAACBXicbVDLSsNAFJ 3UV42vqEtdBEvBhZREBF0W3bisYB/QhjCZ3qRDJ5MwMxFK 2o0bf8WNC0Xc+g/u/BunbRbaemDg3HPu5c49QcqoVI7zbZ RWVtfWN8qb5tb2zu6etX/QkkkmCDRJwhLRCbAERjk0FVUMO qkAHAcM2sHwZuq3H0BImvB7NUrBi3HEaUgJVlryrePqODq L/agnMI8YmGPQFRSVb1WcmjODvUzcglRQgYZvffX6Ccli4 IowLGXXdVLl5VgoShhMzF4mIcVkiCPoaspxDNLLZ1dM7Kp W+naYCP24smfq74kcx1KO4kB3xlgN5KI3Ff/zupkKr7yc8j RTwMl8UZgxWyX2NBK7TwUQxUaaYCKo/qtNBlhgonRwpg7B XTx5mbTOa67mdxeV+nURRxkdoRN0ilx0ieroFjVQExH0iJ 7RK3oznowX4934mLeWjGLmEP2B8fkDx/6YHA==</latexi t><latexit sha1_base64="gf 4JhcQLFqA3w0HJtP4lGYunROo=">AAACBXicbVDLSsNAFJ 3UV42vqEtdBEvBhZREBF0W3bisYB/QhjCZ3qRDJ5MwMxFK 2o0bf8WNC0Xc+g/u/BunbRbaemDg3HPu5c49QcqoVI7zbZ RWVtfWN8qb5tb2zu6etX/QkkkmCDRJwhLRCbAERjk0FVUMO qkAHAcM2sHwZuq3H0BImvB7NUrBi3HEaUgJVlryrePqODq L/agnMI8YmGPQFRSVb1WcmjODvUzcglRQgYZvffX6Ccli4 IowLGXXdVLl5VgoShhMzF4mIcVkiCPoaspxDNLLZ1dM7Kp W+naYCP24smfq74kcx1KO4kB3xlgN5KI3Ff/zupkKr7yc8j RTwMl8UZgxWyX2NBK7TwUQxUaaYCKo/qtNBlhgonRwpg7B XTx5mbTOa67mdxeV+nURRxkdoRN0ilx0ieroFjVQExH0iJ 7RK3oznowX4934mLeWjGLmEP2B8fkDx/6YHA==</latexi t><latexit sha1_base64="gf 4JhcQLFqA3w0HJtP4lGYunROo=">AAACBXicbVDLSsNAFJ 3UV42vqEtdBEvBhZREBF0W3bisYB/QhjCZ3qRDJ5MwMxFK 2o0bf8WNC0Xc+g/u/BunbRbaemDg3HPu5c49QcqoVI7zbZ RWVtfWN8qb5tb2zu6etX/QkkkmCDRJwhLRCbAERjk0FVUMO qkAHAcM2sHwZuq3H0BImvB7NUrBi3HEaUgJVlryrePqODq L/agnMI8YmGPQFRSVb1WcmjODvUzcglRQgYZvffX6Ccli4 IowLGXXdVLl5VgoShhMzF4mIcVkiCPoaspxDNLLZ1dM7Kp W+naYCP24smfq74kcx1KO4kB3xlgN5KI3Ff/zupkKr7yc8j RTwMl8UZgxWyX2NBK7TwUQxUaaYCKo/qtNBlhgonRwpg7B XTx5mbTOa67mdxeV+nURRxkdoRN0ilx0ieroFjVQExH0iJ 7RK3oznowX4934mLeWjGLmEP2B8fkDx/6YHA==</latexi t><latexit sha1_base64="gf 4JhcQLFqA3w0HJtP4lGYunROo=">AAACBXicbVDLSsNAFJ 3UV42vqEtdBEvBhZREBF0W3bisYB/QhjCZ3qRDJ5MwMxFK 2o0bf8WNC0Xc+g/u/BunbRbaemDg3HPu5c49QcqoVI7zbZ RWVtfWN8qb5tb2zu6etX/QkkkmCDRJwhLRCbAERjk0FVUMO qkAHAcM2sHwZuq3H0BImvB7NUrBi3HEaUgJVlryrePqODq L/agnMI8YmGPQFRSVb1WcmjODvUzcglRQgYZvffX6Ccli4 IowLGXXdVLl5VgoShhMzF4mIcVkiCPoaspxDNLLZ1dM7Kp W+naYCP24smfq74kcx1KO4kB3xlgN5KI3Ff/zupkKr7yc8j RTwMl8UZgxWyX2NBK7TwUQxUaaYCKo/qtNBlhgonRwpg7B XTx5mbTOa67mdxeV+nURRxkdoRN0ilx0ieroFjVQExH0iJ 7RK3oznowX4934mLeWjGLmEP2B8fkDx/6YHA==</latexi t>
(a)
 
<latexit sha1_base64="YjuMGQARzS8gVjZ3nWN BJ4sKACg=">AAAB/nicbZDLSsNAFIYnXmu8RcWVm8FScCElEUGXRV24rGAv0IQymZ60QyeTMDMRSiz4K m5cKOLW53Dn2zhts9DWHwY+/nMO58wfppwp7brf1tLyyuraemnD3tza3tl19vabKskkhQZNeCLbIVHAm YCGZppDO5VA4pBDKxxeT+qtB5CKJeJej1IIYtIXLGKUaGN1ncPKozr148yXRPQ52P4NcE26TtmtulPhR fAKKKNC9a7z5fcSmsUgNOVEqY7npjrIidSMchjbfqYgJXRI+tAxKEgMKsin549xxTg9HCXSPKHx1P09kZ NYqVEcms6Y6IGar03M/2qdTEeXQc5EmmkQdLYoyjjWCZ5kgXtMAtV8ZIBQycytmA6IJFSbxGwTgjf/5U VonlU9w3fn5dpVEUcJHaFjdII8dIFq6BbVUQNRlKNn9IrerCfrxXq3PmatS1Yxc4D+yPr8AWt2lSA=</ latexit><latexit sha1_base64="YjuMGQARzS8gVjZ3nWN BJ4sKACg=">AAAB/nicbZDLSsNAFIYnXmu8RcWVm8FScCElEUGXRV24rGAv0IQymZ60QyeTMDMRSiz4K m5cKOLW53Dn2zhts9DWHwY+/nMO58wfppwp7brf1tLyyuraemnD3tza3tl19vabKskkhQZNeCLbIVHAm YCGZppDO5VA4pBDKxxeT+qtB5CKJeJej1IIYtIXLGKUaGN1ncPKozr148yXRPQ52P4NcE26TtmtulPhR fAKKKNC9a7z5fcSmsUgNOVEqY7npjrIidSMchjbfqYgJXRI+tAxKEgMKsin549xxTg9HCXSPKHx1P09kZ NYqVEcms6Y6IGar03M/2qdTEeXQc5EmmkQdLYoyjjWCZ5kgXtMAtV8ZIBQycytmA6IJFSbxGwTgjf/5U VonlU9w3fn5dpVEUcJHaFjdII8dIFq6BbVUQNRlKNn9IrerCfrxXq3PmatS1Yxc4D+yPr8AWt2lSA=</ latexit><latexit sha1_base64="YjuMGQARzS8gVjZ3nWN BJ4sKACg=">AAAB/nicbZDLSsNAFIYnXmu8RcWVm8FScCElEUGXRV24rGAv0IQymZ60QyeTMDMRSiz4K m5cKOLW53Dn2zhts9DWHwY+/nMO58wfppwp7brf1tLyyuraemnD3tza3tl19vabKskkhQZNeCLbIVHAm YCGZppDO5VA4pBDKxxeT+qtB5CKJeJej1IIYtIXLGKUaGN1ncPKozr148yXRPQ52P4NcE26TtmtulPhR fAKKKNC9a7z5fcSmsUgNOVEqY7npjrIidSMchjbfqYgJXRI+tAxKEgMKsin549xxTg9HCXSPKHx1P09kZ NYqVEcms6Y6IGar03M/2qdTEeXQc5EmmkQdLYoyjjWCZ5kgXtMAtV8ZIBQycytmA6IJFSbxGwTgjf/5U VonlU9w3fn5dpVEUcJHaFjdII8dIFq6BbVUQNRlKNn9IrerCfrxXq3PmatS1Yxc4D+yPr8AWt2lSA=</ latexit><latexit sha1_base64="YjuMGQARzS8gVjZ3nWN BJ4sKACg=">AAAB/nicbZDLSsNAFIYnXmu8RcWVm8FScCElEUGXRV24rGAv0IQymZ60QyeTMDMRSiz4K m5cKOLW53Dn2zhts9DWHwY+/nMO58wfppwp7brf1tLyyuraemnD3tza3tl19vabKskkhQZNeCLbIVHAm YCGZppDO5VA4pBDKxxeT+qtB5CKJeJej1IIYtIXLGKUaGN1ncPKozr148yXRPQ52P4NcE26TtmtulPhR fAKKKNC9a7z5fcSmsUgNOVEqY7npjrIidSMchjbfqYgJXRI+tAxKEgMKsin549xxTg9HCXSPKHx1P09kZ NYqVEcms6Y6IGar03M/2qdTEeXQc5EmmkQdLYoyjjWCZ5kgXtMAtV8ZIBQycytmA6IJFSbxGwTgjf/5U VonlU9w3fn5dpVEUcJHaFjdII8dIFq6BbVUQNRlKNn9IrerCfrxXq3PmatS1Yxc4D+yPr8AWt2lSA=</ latexit>
|G1/2i
<latexit sha1_base64="7l 5XDQYRH1wJ3H5NzflYoaDp98s=">AAACGXicbZDLSsQwFIZT r2O9jbp0UxwGXGkrgi5FF7ocwbnAdChp5kwNpklJTsWhzmu 48VXcuFDEpa58GzMXwdsPgS//OYfk/HEmuEHf/3Cmpmdm5+ ZLC+7i0vLKanltvWFUrhnUmRJKt2JqQHAJdeQooJVpoGksoB lfnQzrzWvQhit5gf0MOilNJO9xRtFaUdmvhiqFhEa+W70NE W6wSLTKZXcQaioTAe7taVQEu3tf96hc8Xf8kby/EEygQiaq ReW3sKtYnoJEJqgx7cDPsFNQjZwJGLhhbiCj7Iom0LYoaQqm U4w2G3hV63S9ntL2SPRG7veJgqbG9NPYdqYUL83v2tD8r9b OsXfYKbjMcgTJxg/1cuGh8oYxeV2ugaHoW6BMc/tXj11STR naMF0bQvB75b/Q2NsJLJ/vV46OJ3GUyCbZItskIAfkiJyRGq kTRu7IA3kiz8698+i8OK/j1ilnMrNBfsh5/wQR/qBX</lat exit><latexit sha1_base64="7l 5XDQYRH1wJ3H5NzflYoaDp98s=">AAACGXicbZDLSsQwFIZT r2O9jbp0UxwGXGkrgi5FF7ocwbnAdChp5kwNpklJTsWhzmu 48VXcuFDEpa58GzMXwdsPgS//OYfk/HEmuEHf/3Cmpmdm5+ ZLC+7i0vLKanltvWFUrhnUmRJKt2JqQHAJdeQooJVpoGksoB lfnQzrzWvQhit5gf0MOilNJO9xRtFaUdmvhiqFhEa+W70NE W6wSLTKZXcQaioTAe7taVQEu3tf96hc8Xf8kby/EEygQiaq ReW3sKtYnoJEJqgx7cDPsFNQjZwJGLhhbiCj7Iom0LYoaQqm U4w2G3hV63S9ntL2SPRG7veJgqbG9NPYdqYUL83v2tD8r9b OsXfYKbjMcgTJxg/1cuGh8oYxeV2ugaHoW6BMc/tXj11STR naMF0bQvB75b/Q2NsJLJ/vV46OJ3GUyCbZItskIAfkiJyRGq kTRu7IA3kiz8698+i8OK/j1ilnMrNBfsh5/wQR/qBX</lat exit><latexit sha1_base64="7l 5XDQYRH1wJ3H5NzflYoaDp98s=">AAACGXicbZDLSsQwFIZT r2O9jbp0UxwGXGkrgi5FF7ocwbnAdChp5kwNpklJTsWhzmu 48VXcuFDEpa58GzMXwdsPgS//OYfk/HEmuEHf/3Cmpmdm5+ ZLC+7i0vLKanltvWFUrhnUmRJKt2JqQHAJdeQooJVpoGksoB lfnQzrzWvQhit5gf0MOilNJO9xRtFaUdmvhiqFhEa+W70NE W6wSLTKZXcQaioTAe7taVQEu3tf96hc8Xf8kby/EEygQiaq ReW3sKtYnoJEJqgx7cDPsFNQjZwJGLhhbiCj7Iom0LYoaQqm U4w2G3hV63S9ntL2SPRG7veJgqbG9NPYdqYUL83v2tD8r9b OsXfYKbjMcgTJxg/1cuGh8oYxeV2ugaHoW6BMc/tXj11STR naMF0bQvB75b/Q2NsJLJ/vV46OJ3GUyCbZItskIAfkiJyRGq kTRu7IA3kiz8698+i8OK/j1ilnMrNBfsh5/wQR/qBX</lat exit><latexit sha1_base64="7l 5XDQYRH1wJ3H5NzflYoaDp98s=">AAACGXicbZDLSsQwFIZT r2O9jbp0UxwGXGkrgi5FF7ocwbnAdChp5kwNpklJTsWhzmu 48VXcuFDEpa58GzMXwdsPgS//OYfk/HEmuEHf/3Cmpmdm5+ ZLC+7i0vLKanltvWFUrhnUmRJKt2JqQHAJdeQooJVpoGksoB lfnQzrzWvQhit5gf0MOilNJO9xRtFaUdmvhiqFhEa+W70NE W6wSLTKZXcQaioTAe7taVQEu3tf96hc8Xf8kby/EEygQiaq ReW3sKtYnoJEJqgx7cDPsFNQjZwJGLhhbiCj7Iom0LYoaQqm U4w2G3hV63S9ntL2SPRG7veJgqbG9NPYdqYUL83v2tD8r9b OsXfYKbjMcgTJxg/1cuGh8oYxeV2ugaHoW6BMc/tXj11STR naMF0bQvB75b/Q2NsJLJ/vV46OJ3GUyCbZItskIAfkiJyRGq kTRu7IA3kiz8698+i8OK/j1ilnMrNBfsh5/wQR/qBX</lat exit>
|Si
<latexit sh a1_base64="Q2zu9yIod2O PMOjQBJ9kDgoWxJk=">AA ACJHicbZDLSsNAFIYn3q2 3qks3wVJwpUkRFNyILnSpa G2hKWEyPY1DJzNh5kQssQ /jxldx48ILLtz4LE5rEG8 /DHz85xzOnD9KBTfoeW/O2 PjE5NT0zGxpbn5hcam8vH JhVKYZ1JkSSjcjakBwCXX kKKCZaqBJJKAR9Q6H9cYVa MOVPMd+Cu2ExpJ3OaNorb C8Vw1UAjENvVL1JkC4xjzW KpOdQaCpjAVY+yjM/a3al 3FzVlBYrnib3kjuX/ALqJ BCJ2H5OegoliUgkQlqTMv3 UmznVCNnAgalIDOQUtajM bQsSpqAaeejIwdu1Todt6 u0fRLdkft9IqeJMf0ksp0J xUvzuzY0/6u1MuzutnMu0 wxBss9F3Uy4qNxhYm6Ha2A o+hYo09z+1WWXVFOGNteS DcH/ffJfuKht+pZPtyv7B 0UcM2SNrJMN4pMdsk+OyQm pE0ZuyT15JE/OnfPgvDiv n61jTjGzSn7Ief8ASqSkm A==</latexit><latexit sh a1_base64="Q2zu9yIod2O PMOjQBJ9kDgoWxJk=">AA ACJHicbZDLSsNAFIYn3q2 3qks3wVJwpUkRFNyILnSpa G2hKWEyPY1DJzNh5kQssQ /jxldx48ILLtz4LE5rEG8 /DHz85xzOnD9KBTfoeW/O2 PjE5NT0zGxpbn5hcam8vH JhVKYZ1JkSSjcjakBwCXX kKKCZaqBJJKAR9Q6H9cYVa MOVPMd+Cu2ExpJ3OaNorb C8Vw1UAjENvVL1JkC4xjzW KpOdQaCpjAVY+yjM/a3al 3FzVlBYrnib3kjuX/ALqJ BCJ2H5OegoliUgkQlqTMv3 UmznVCNnAgalIDOQUtajM bQsSpqAaeejIwdu1Todt6 u0fRLdkft9IqeJMf0ksp0J xUvzuzY0/6u1MuzutnMu0 wxBss9F3Uy4qNxhYm6Ha2A o+hYo09z+1WWXVFOGNteS DcH/ffJfuKht+pZPtyv7B 0UcM2SNrJMN4pMdsk+OyQm pE0ZuyT15JE/OnfPgvDiv n61jTjGzSn7Ief8ASqSkm A==</latexit><latexit sh a1_base64="Q2zu9yIod2O PMOjQBJ9kDgoWxJk=">AA ACJHicbZDLSsNAFIYn3q2 3qks3wVJwpUkRFNyILnSpa G2hKWEyPY1DJzNh5kQssQ /jxldx48ILLtz4LE5rEG8 /DHz85xzOnD9KBTfoeW/O2 PjE5NT0zGxpbn5hcam8vH JhVKYZ1JkSSjcjakBwCXX kKKCZaqBJJKAR9Q6H9cYVa MOVPMd+Cu2ExpJ3OaNorb C8Vw1UAjENvVL1JkC4xjzW KpOdQaCpjAVY+yjM/a3al 3FzVlBYrnib3kjuX/ALqJ BCJ2H5OegoliUgkQlqTMv3 UmznVCNnAgalIDOQUtajM bQsSpqAaeejIwdu1Todt6 u0fRLdkft9IqeJMf0ksp0J xUvzuzY0/6u1MuzutnMu0 wxBss9F3Uy4qNxhYm6Ha2A o+hYo09z+1WWXVFOGNteS DcH/ffJfuKht+pZPtyv7B 0UcM2SNrJMN4pMdsk+OyQm pE0ZuyT15JE/OnfPgvDiv n61jTjGzSn7Ief8ASqSkm A==</latexit><latexit sh a1_base64="Q2zu9yIod2O PMOjQBJ9kDgoWxJk=">AA ACJHicbZDLSsNAFIYn3q2 3qks3wVJwpUkRFNyILnSpa G2hKWEyPY1DJzNh5kQssQ /jxldx48ILLtz4LE5rEG8 /DHz85xzOnD9KBTfoeW/O2 PjE5NT0zGxpbn5hcam8vH JhVKYZ1JkSSjcjakBwCXX kKKCZaqBJJKAR9Q6H9cYVa MOVPMd+Cu2ExpJ3OaNorb C8Vw1UAjENvVL1JkC4xjzW KpOdQaCpjAVY+yjM/a3al 3FzVlBYrnib3kjuX/ALqJ BCJ2H5OegoliUgkQlqTMv3 UmznVCNnAgalIDOQUtajM bQsSpqAaeejIwdu1Todt6 u0fRLdkft9IqeJMf0ksp0J xUvzuzY0/6u1MuzutnMu0 wxBss9F3Uy4qNxhYm6Ha2A o+hYo09z+1WWXVFOGNteS DcH/ffJfuKht+pZPtyv7B 0UcM2SNrJMN4pMdsk+OyQm pE0ZuyT15JE/OnfPgvDiv n61jTjGzSn7Ief8ASqSkm A==</latexit>
|D0i
<latexit sha1_base64="OhjzRCCJSjSDEfJONMc5Q +2q2HQ=">AAACMXicbZBNS8NAEIY3ftb6VfXoJVgKnjQRQY9FBT0qWhWaEjbbaVzc7IbdiVjS/iUv/hPx4kERr /4JtzVCrb6w8PDODLPzRqngBj3vxZmYnJqemS3NlecXFpeWKyurl0ZlmkGDKaH0dUQNCC6hgRwFXKcaaBIJuI puDwf1qzvQhit5gd0UWgmNJe9wRtFaYeWkFqgEYhp65VovQLjHPNYqk+1+oKmMBVj7OMz97Z0R4/wHe0ehV3BY qXpb3lDuX/ALqJJCp2HlKWgrliUgkQlqTNP3UmzlVCNnAvrlIDOQUnZLY2halDQB08qHF/fdmnXabkdp+yS6Q 3d0IqeJMd0ksp0JxRszXhuY/9WaGXb2WzmXaYYg2feiTiZcVO4gPrfNNTAUXQuUaW7/6rIbqilDG3LZhuCPn/w XLne2fMtnu9X6QRFHiayTDbJJfLJH6uSEnJIGYeSBPJNX8uY8Oi/Ou/Px3TrhFDNr5Jeczy/tcqlt</latexi t><latexit sha1_base64="OhjzRCCJSjSDEfJONMc5Q +2q2HQ=">AAACMXicbZBNS8NAEIY3ftb6VfXoJVgKnjQRQY9FBT0qWhWaEjbbaVzc7IbdiVjS/iUv/hPx4kERr /4JtzVCrb6w8PDODLPzRqngBj3vxZmYnJqemS3NlecXFpeWKyurl0ZlmkGDKaH0dUQNCC6hgRwFXKcaaBIJuI puDwf1qzvQhit5gd0UWgmNJe9wRtFaYeWkFqgEYhp65VovQLjHPNYqk+1+oKmMBVj7OMz97Z0R4/wHe0ehV3BY qXpb3lDuX/ALqJJCp2HlKWgrliUgkQlqTNP3UmzlVCNnAvrlIDOQUnZLY2halDQB08qHF/fdmnXabkdp+yS6Q 3d0IqeJMd0ksp0JxRszXhuY/9WaGXb2WzmXaYYg2feiTiZcVO4gPrfNNTAUXQuUaW7/6rIbqilDG3LZhuCPn/w XLne2fMtnu9X6QRFHiayTDbJJfLJH6uSEnJIGYeSBPJNX8uY8Oi/Ou/Px3TrhFDNr5Jeczy/tcqlt</latexi t><latexit sha1_base64="OhjzRCCJSjSDEfJONMc5Q +2q2HQ=">AAACMXicbZBNS8NAEIY3ftb6VfXoJVgKnjQRQY9FBT0qWhWaEjbbaVzc7IbdiVjS/iUv/hPx4kERr /4JtzVCrb6w8PDODLPzRqngBj3vxZmYnJqemS3NlecXFpeWKyurl0ZlmkGDKaH0dUQNCC6hgRwFXKcaaBIJuI puDwf1qzvQhit5gd0UWgmNJe9wRtFaYeWkFqgEYhp65VovQLjHPNYqk+1+oKmMBVj7OMz97Z0R4/wHe0ehV3BY qXpb3lDuX/ALqJJCp2HlKWgrliUgkQlqTNP3UmzlVCNnAvrlIDOQUnZLY2halDQB08qHF/fdmnXabkdp+yS6Q 3d0IqeJMd0ksp0JxRszXhuY/9WaGXb2WzmXaYYg2feiTiZcVO4gPrfNNTAUXQuUaW7/6rIbqilDG3LZhuCPn/w XLne2fMtnu9X6QRFHiayTDbJJfLJH6uSEnJIGYeSBPJNX8uY8Oi/Ou/Px3TrhFDNr5Jeczy/tcqlt</latexi t><latexit sha1_base64="OhjzRCCJSjSDEfJONMc5Q +2q2HQ=">AAACMXicbZBNS8NAEIY3ftb6VfXoJVgKnjQRQY9FBT0qWhWaEjbbaVzc7IbdiVjS/iUv/hPx4kERr /4JtzVCrb6w8PDODLPzRqngBj3vxZmYnJqemS3NlecXFpeWKyurl0ZlmkGDKaH0dUQNCC6hgRwFXKcaaBIJuI puDwf1qzvQhit5gd0UWgmNJe9wRtFaYeWkFqgEYhp65VovQLjHPNYqk+1+oKmMBVj7OMz97Z0R4/wHe0ehV3BY qXpb3lDuX/ALqJJCp2HlKWgrliUgkQlqTNP3UmzlVCNnAvrlIDOQUnZLY2halDQB08qHF/fdmnXabkdp+yS6Q 3d0IqeJMd0ksp0JxRszXhuY/9WaGXb2WzmXaYYg2feiTiZcVO4gPrfNNTAUXQuUaW7/6rIbqilDG3LZhuCPn/w XLne2fMtnu9X6QRFHiayTDbJJfLJH6uSEnJIGYeSBPJNX8uY8Oi/Ou/Px3TrhFDNr5Jeczy/tcqlt</latexi t>
(b) |eei
<latexit sha1_base64 ="KPpSMTaoW7X7VTeuokIDMCrx4rg=">AAAB8Xi cbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjB fuBbSib7aRdutmE3Y1QYv+FFw+KePXfePPfuG1z 0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7 +QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBL aD8c2s3n5EpXks780kQT+iQ8lDzqix1sMTYk9R ORTYL1fcqjsXWQUvhwrkavTLX71BzNIIpWGCat3 13MT4GVWGM4HTUi/VmFA2pkPsWpQ0Qu1n842n5M w6AxLGyj5pyNz9PZHRSOtJFNjOiJqRXq7NzP9q3 dSEV37GZZIalGzxUZgKYmIyO58MuEJmxMQCZYr bXQkbUUWZsSGVbAje8smr0LqoepbvLiv16zyOIp zAKZyDBzWowy00oAkMJDzDK7w52nlx3p2PRWvBy WeO4Y+czx/IrZD5</latexit><latexit sha1_base64 ="KPpSMTaoW7X7VTeuokIDMCrx4rg=">AAAB8Xi cbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjB fuBbSib7aRdutmE3Y1QYv+FFw+KePXfePPfuG1z 0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7 +QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBL aD8c2s3n5EpXks780kQT+iQ8lDzqix1sMTYk9R ORTYL1fcqjsXWQUvhwrkavTLX71BzNIIpWGCat3 13MT4GVWGM4HTUi/VmFA2pkPsWpQ0Qu1n842n5M w6AxLGyj5pyNz9PZHRSOtJFNjOiJqRXq7NzP9q3 dSEV37GZZIalGzxUZgKYmIyO58MuEJmxMQCZYr bXQkbUUWZsSGVbAje8smr0LqoepbvLiv16zyOIp zAKZyDBzWowy00oAkMJDzDK7w52nlx3p2PRWvBy WeO4Y+czx/IrZD5</latexit><latexit sha1_base64 ="KPpSMTaoW7X7VTeuokIDMCrx4rg=">AAAB8Xi cbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjB fuBbSib7aRdutmE3Y1QYv+FFw+KePXfePPfuG1z 0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7 +QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBL aD8c2s3n5EpXks780kQT+iQ8lDzqix1sMTYk9R ORTYL1fcqjsXWQUvhwrkavTLX71BzNIIpWGCat3 13MT4GVWGM4HTUi/VmFA2pkPsWpQ0Qu1n842n5M w6AxLGyj5pyNz9PZHRSOtJFNjOiJqRXq7NzP9q3 dSEV37GZZIalGzxUZgKYmIyO58MuEJmxMQCZYr bXQkbUUWZsSGVbAje8smr0LqoepbvLiv16zyOIp zAKZyDBzWowy00oAkMJDzDK7w52nlx3p2PRWvBy WeO4Y+czx/IrZD5</latexit><latexit sha1_base64 ="KPpSMTaoW7X7VTeuokIDMCrx4rg=">AAAB8Xi cbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjB fuBbSib7aRdutmE3Y1QYv+FFw+KePXfePPfuG1z 0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7 +QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBL aD8c2s3n5EpXks780kQT+iQ8lDzqix1sMTYk9R ORTYL1fcqjsXWQUvhwrkavTLX71BzNIIpWGCat3 13MT4GVWGM4HTUi/VmFA2pkPsWpQ0Qu1n842n5M w6AxLGyj5pyNz9PZHRSOtJFNjOiJqRXq7NzP9q3 dSEV37GZZIalGzxUZgKYmIyO58MuEJmxMQCZYr bXQkbUUWZsSGVbAje8smr0LqoepbvLiv16zyOIp zAKZyDBzWowy00oAkMJDzDK7w52nlx3p2PRWvBy WeO4Y+czx/IrZD5</latexit>
(c)
(d)
(e)
(f)
fe = 7/2
<latexit sha1_base64="866sfWQUqc59uX4yLmphuLu6Lnk=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEInmpShHoRil48VrAf0Iay2U 7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W9nbX1jc2u7sFPc3ds/OCwdHbd0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6b1dtPqDSP5aOZJOhHdCh5yBk11mqHfbypXVb7pbJbceciq+DlUIZcjX7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhd i5JGqP1svu6UnFtnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGiDcFbPnkVWtWKZ/nhqly/zeMowCmcwQV4UIM63EMDmsBgDM/wCm9O4rw4787HonXNyWdO4I+czx8bsI6/</latexit><latexit sha1_base64="866sfWQUqc59uX4yLmphuLu6Lnk=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEInmpShHoRil48VrAf0Iay2U 7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W9nbX1jc2u7sFPc3ds/OCwdHbd0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6b1dtPqDSP5aOZJOhHdCh5yBk11mqHfbypXVb7pbJbceciq+DlUIZcjX7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhd i5JGqP1svu6UnFtnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGiDcFbPnkVWtWKZ/nhqly/zeMowCmcwQV4UIM63EMDmsBgDM/wCm9O4rw4787HonXNyWdO4I+czx8bsI6/</latexit><latexit sha1_base64="866sfWQUqc59uX4yLmphuLu6Lnk=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEInmpShHoRil48VrAf0Iay2U 7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W9nbX1jc2u7sFPc3ds/OCwdHbd0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6b1dtPqDSP5aOZJOhHdCh5yBk11mqHfbypXVb7pbJbceciq+DlUIZcjX7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhd i5JGqP1svu6UnFtnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGiDcFbPnkVWtWKZ/nhqly/zeMowCmcwQV4UIM63EMDmsBgDM/wCm9O4rw4787HonXNyWdO4I+czx8bsI6/</latexit><latexit sha1_base64="866sfWQUqc59uX4yLmphuLu6Lnk=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEInmpShHoRil48VrAf0Iay2U 7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W9nbX1jc2u7sFPc3ds/OCwdHbd0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6b1dtPqDSP5aOZJOhHdCh5yBk11mqHfbypXVb7pbJbceciq+DlUIZcjX7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhd i5JGqP1svu6UnFtnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGiDcFbPnkVWtWKZ/nhqly/zeMowCmcwQV4UIM63EMDmsBgDM/wCm9O4rw4787HonXNyWdO4I+czx8bsI6/</latexit>
fg = fe = 1/2
<latexit sha1_base64="5D22K/3zyhpXaj1wl8R7tFbGE9M=">A AAB8nicbZDLSgMxFIbPeK31VnXpJlgEV3WmCLopFN24rGAvMB2GTJppQzPJkGSEMvQx3LhQxK1P4863MW1noa0/BD7+cw45549SzrRx3W 9nbX1jc2u7tFPe3ds/OKwcHXe0zBShbSK5VL0Ia8qZoG3DDKe9VFGcRJx2o/HdrN59okozKR7NJKVBgoeCxYxgYy0/DoeNOKQN77IeVqp uzZ0LrYJXQBUKtcLKV38gSZZQYQjHWvuem5ogx8owwum03M80TTEZ4yH1LQqcUB3k85Wn6Nw6AxRLZZ8waO7+nshxovUkiWxngs1IL9dm 5n81PzPxTZAzkWaGCrL4KM44MhLN7kcDpigxfGIBE8XsroiMsMLE2JTKNgRv+eRV6NRrnuWHq2rztoijBKdwBhfgwTU04R5a0AYCEp7hF d4c47w4787HonXNKWZO4I+czx/V0JBK</latexit><latexit sha1_base64="5D22K/3zyhpXaj1wl8R7tFbGE9M=">A AAB8nicbZDLSgMxFIbPeK31VnXpJlgEV3WmCLopFN24rGAvMB2GTJppQzPJkGSEMvQx3LhQxK1P4863MW1noa0/BD7+cw45549SzrRx3W 9nbX1jc2u7tFPe3ds/OKwcHXe0zBShbSK5VL0Ia8qZoG3DDKe9VFGcRJx2o/HdrN59okozKR7NJKVBgoeCxYxgYy0/DoeNOKQN77IeVqp uzZ0LrYJXQBUKtcLKV38gSZZQYQjHWvuem5ogx8owwum03M80TTEZ4yH1LQqcUB3k85Wn6Nw6AxRLZZ8waO7+nshxovUkiWxngs1IL9dm 5n81PzPxTZAzkWaGCrL4KM44MhLN7kcDpigxfGIBE8XsroiMsMLE2JTKNgRv+eRV6NRrnuWHq2rztoijBKdwBhfgwTU04R5a0AYCEp7hF d4c47w4787HonXNKWZO4I+czx/V0JBK</latexit><latexit sha1_base64="5D22K/3zyhpXaj1wl8R7tFbGE9M=">A AAB8nicbZDLSgMxFIbPeK31VnXpJlgEV3WmCLopFN24rGAvMB2GTJppQzPJkGSEMvQx3LhQxK1P4863MW1noa0/BD7+cw45549SzrRx3W 9nbX1jc2u7tFPe3ds/OKwcHXe0zBShbSK5VL0Ia8qZoG3DDKe9VFGcRJx2o/HdrN59okozKR7NJKVBgoeCxYxgYy0/DoeNOKQN77IeVqp uzZ0LrYJXQBUKtcLKV38gSZZQYQjHWvuem5ogx8owwum03M80TTEZ4yH1LQqcUB3k85Wn6Nw6AxRLZZ8waO7+nshxovUkiWxngs1IL9dm 5n81PzPxTZAzkWaGCrL4KM44MhLN7kcDpigxfGIBE8XsroiMsMLE2JTKNgRv+eRV6NRrnuWHq2rztoijBKdwBhfgwTU04R5a0AYCEp7hF d4c47w4787HonXNKWZO4I+czx/V0JBK</latexit><latexit sha1_base64="5D22K/3zyhpXaj1wl8R7tFbGE9M=">A AAB8nicbZDLSgMxFIbPeK31VnXpJlgEV3WmCLopFN24rGAvMB2GTJppQzPJkGSEMvQx3LhQxK1P4863MW1noa0/BD7+cw45549SzrRx3W 9nbX1jc2u7tFPe3ds/OKwcHXe0zBShbSK5VL0Ia8qZoG3DDKe9VFGcRJx2o/HdrN59okozKR7NJKVBgoeCxYxgYy0/DoeNOKQN77IeVqp uzZ0LrYJXQBUKtcLKV38gSZZQYQjHWvuem5ogx8owwum03M80TTEZ4yH1LQqcUB3k85Wn6Nw6AxRLZZ8waO7+nshxovUkiWxngs1IL9dm 5n81PzPxTZAzkWaGCrL4KM44MhLN7kcDpigxfGIBE8XsroiMsMLE2JTKNgRv+eRV6NRrnuWHq2rztoijBKdwBhfgwTU04R5a0AYCEp7hF d4c47w4787HonXNKWZO4I+czx/V0JBK</latexit>
fg = fe = 9/2
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FIG. 6. Raman excitation scheme. Left: Sketch of Raman excitation for fg = fe = fs = 1/2 and ez polarized light
in (a) single-particle and (b) eigenstate basis. Middle: Excitation of dark state |D0〉{1/2,1/2} for fg = fe = fs = 1/2 level
structure with (c) Ωeff = 3Γ (no Zeno effect) and (d) Ωeff = 0.03Γ, which leads to Zeno suppression of nondark states. Right:
(e) Excitation of dark state |D0〉{9/2,9/2} for fg = fe = fs = 9/2 structure with Ωeff = 0.001Γ. (f) Excitation of dark state
|D−4〉{5/2,7/2} for fg = fs = 5/2, fe = 7/2 level structure with Ωeff = 0.001Γ.
can achieve a large (but not unit) occupation of the dark
state |D−4〉{5/2,7/2}. As opposed to before though, the
process does not rephase.
We note that, in reality, energy shifts from collisions
will make some transitions off-resonant, so the Zeno effect
may not be always necessary. This is in particular true
of double-excited states. Apart from this, we emphasize
that the aim of this section was to coherently prepare a
given dark state. If the conditions for Zeno suppression
are not experimentally feasible, the dark state can also
be prepared in a probabilistic manner using a larger Rabi
coupling.
B. Zeeman excitation
Another alternative to coherently excite a dark state is
to add a detuning between the Zeeman sublevels of the g
and/or e manifolds, see Fig. 7(a). This can be achieved
by off-resonant dressing, or applying external magnetic
fields. When the Zeeman sublevels are not degenerate,
the dark states are not perfect eigenstates anymore, but
instead couple to other bright states with a strength pro-
portional to the Zeeman splitting, see Fig. 7(b). Shining
on a laser with appropriately chosen characteristics will
then allow to couple to the dark state through a sort
of Raman transition with the bright state as intermedi-
ate state. This is particularly well-suited when there is
a large energy gap between dark and bright states, due
to e.g. collisional shifts, because then the bright state is
only virtually occupied.
We consider the atoms to be addressed by a laser with
detuning ∆ from resonance, and subject to an exter-
nal magnetic field. We assume that the g-factor of the
ground state is negligible and that the Zeeman splitting
between subsequent e-levels is ∆z. Thus, the total Hamil-
tonian in the laser’s rotating frame is (in units of ~)
HˆZeeman = −
∑
m,n
[Ωemgn σˆemgn + h.c.] +
∑
m
∆m σˆemem ,
(40)
with Ωemgn = ΩC
m−n
n (e
∗
m−n · L) and ∆m = m∆z −
∆. Furthermore, we emulate the possibility of having
energy shifts between dark and bright states by varying
the strength U of the coherent dipolar interactions [see
Eq. (13) and App. B].
As a specific example, we consider again the case
fg = fe = 1/2 with ez polarized light. The laser cou-
ples the ground state
∣∣G1/2〉 to the superradiant bright
state |S〉 with a strength Ω˜ ≡ −Ω√2/3 due to Clebsch-
Gordan coefficients, whereas the Zeeman detuning cou-
ples |S〉 with |D0〉 with a strength Ωz = ∆z/2. Thus, the
Hamiltonian (40) in the {∣∣G1/2〉 , |S〉 , |D0〉} basis reads
HˆZeeman + Hˆshifts =
0 Ω˜ 0Ω˜ S −∆ Ωz
0 Ωz D −∆
 . (41)
Here, we included the energy shifts S and D of the
superradiant and dark states. Note that if these shifts
came from the coherent dipole interaction alone, then we
would have D = 0.
Figure 7(c) shows the result of this excitation scheme
assuming no energy shifts (U = 0), S = D = 0. Here,
we chose ∆ = 0 to make the dark state resonant, and
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<latexit sha1_base64="OhjzRCCJSjSDEfJONMc5Q +2q2HQ=">AAACMXicbZBNS8NAEIY3ftb6VfXoJVgKnjQRQY9FBT0qWhWaEjbbaVzc7IbdiVjS/iUv/hPx4kER r/4JtzVCrb6w8PDODLPzRqngBj3vxZmYnJqemS3NlecXFpeWKyurl0ZlmkGDKaH0dUQNCC6hgRwFXKcaaBIJuI puDwf1qzvQhit5gd0UWgmNJe9wRtFaYeWkFqgEYhp65VovQLjHPNYqk+1+oKmMBVj7OMz97Z0R4/wHe0ehV3B YqXpb3lDuX/ALqJJCp2HlKWgrliUgkQlqTNP3UmzlVCNnAvrlIDOQUnZLY2halDQB08qHF/fdmnXabkdp+yS6 Q3d0IqeJMd0ksp0JxRszXhuY/9WaGXb2WzmXaYYg2feiTiZcVO4gPrfNNTAUXQuUaW7/6rIbqilDG3LZhuCPn/ wXLne2fMtnu9X6QRFHiayTDbJJfLJH6uSEnJIGYeSBPJNX8uY8Oi/Ou/Px3TrhFDNr5Jeczy/tcqlt</latex it><latexit sha1_base64="OhjzRCCJSjSDEfJONMc5Q +2q2HQ=">AAACMXicbZBNS8NAEIY3ftb6VfXoJVgKnjQRQY9FBT0qWhWaEjbbaVzc7IbdiVjS/iUv/hPx4kER r/4JtzVCrb6w8PDODLPzRqngBj3vxZmYnJqemS3NlecXFpeWKyurl0ZlmkGDKaH0dUQNCC6hgRwFXKcaaBIJuI puDwf1qzvQhit5gd0UWgmNJe9wRtFaYeWkFqgEYhp65VovQLjHPNYqk+1+oKmMBVj7OMz97Z0R4/wHe0ehV3B YqXpb3lDuX/ALqJJCp2HlKWgrliUgkQlqTNP3UmzlVCNnAvrlIDOQUnZLY2halDQB08qHF/fdmnXabkdp+yS6 Q3d0IqeJMd0ksp0JxRszXhuY/9WaGXb2WzmXaYYg2feiTiZcVO4gPrfNNTAUXQuUaW7/6rIbqilDG3LZhuCPn/ wXLne2fMtnu9X6QRFHiayTDbJJfLJH6uSEnJIGYeSBPJNX8uY8Oi/Ou/Px3TrhFDNr5Jeczy/tcqlt</latex it><latexit sha1_base64="OhjzRCCJSjSDEfJONMc5Q +2q2HQ=">AAACMXicbZBNS8NAEIY3ftb6VfXoJVgKnjQRQY9FBT0qWhWaEjbbaVzc7IbdiVjS/iUv/hPx4kER r/4JtzVCrb6w8PDODLPzRqngBj3vxZmYnJqemS3NlecXFpeWKyurl0ZlmkGDKaH0dUQNCC6hgRwFXKcaaBIJuI puDwf1qzvQhit5gd0UWgmNJe9wRtFaYeWkFqgEYhp65VovQLjHPNYqk+1+oKmMBVj7OMz97Z0R4/wHe0ehV3B YqXpb3lDuX/ALqJJCp2HlKWgrliUgkQlqTNP3UmzlVCNnAvrlIDOQUnZLY2halDQB08qHF/fdmnXabkdp+yS6 Q3d0IqeJMd0ksp0JxRszXhuY/9WaGXb2WzmXaYYg2feiTiZcVO4gPrfNNTAUXQuUaW7/6rIbqilDG3LZhuCPn/ wXLne2fMtnu9X6QRFHiayTDbJJfLJH6uSEnJIGYeSBPJNX8uY8Oi/Ou/Px3TrhFDNr5Jeczy/tcqlt</latex it><latexit sha1_base64="OhjzRCCJSjSDEfJONMc5Q +2q2HQ=">AAACMXicbZBNS8NAEIY3ftb6VfXoJVgKnjQRQY9FBT0qWhWaEjbbaVzc7IbdiVjS/iUv/hPx4kER r/4JtzVCrb6w8PDODLPzRqngBj3vxZmYnJqemS3NlecXFpeWKyurl0ZlmkGDKaH0dUQNCC6hgRwFXKcaaBIJuI puDwf1qzvQhit5gd0UWgmNJe9wRtFaYeWkFqgEYhp65VovQLjHPNYqk+1+oKmMBVj7OMz97Z0R4/wHe0ehV3B YqXpb3lDuX/ALqJJCp2HlKWgrliUgkQlqTNP3UmzlVCNnAvrlIDOQUnZLY2halDQB08qHF/fdmnXabkdp+yS6 Q3d0IqeJMd0ksp0JxRszXhuY/9WaGXb2WzmXaYYg2feiTiZcVO4gPrfNNTAUXQuUaW7/6rIbqilDG3LZhuCPn/ wXLne2fMtnu9X6QRFHiayTDbJJfLJH6uSEnJIGYeSBPJNX8uY8Oi/Ou/Px3TrhFDNr5Jeczy/tcqlt</latex it>
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<latexit sha1_base64= "ct9TghWupgxjDnHXOhZHbuLSnPM=">AAACJHicbV DLSsNAFJ3UV42vqks3wVJwISURQUGEoi5cuKhgH9C UMJnetEMnkzAzEWvsx7jxV9y48IELN36Lk7YLbT0w zOHcc7n3Hj9mVCrb/jJyc/MLi0v5ZXNldW19o7C5VZ dRIgjUSMQi0fSxBEY51BRVDJqxABz6DBp+/zyrN25 BSBrxGzWIoR3iLqcBJVhpySuclB7kvhsmrsC8y8B0 L4Ap7N2bJdePWEcOQv25EEvKtP3q1A2x6vlBCkPvz isU7bI9gjVLnAkpogmqXuHd7UQkCYErwrCULceOVT vFQlHCYGi6iYQYkz7uQktTjkOQ7XR05NAqaaVjBZH QjytrpP7uSHEos3W1M9tRTtcy8b9aK1HBcTulPE4U cDIeFCTMUpGVJWZ1qACi2EATTATVu1qkhwUmSudq6 hCc6ZNnSf2g7Gh+fVisnE3iyKMdtIv2kIOOUAVdoiq qIYIe0TN6RW/Gk/FifBifY2vOmPRsoz8wvn8Apiql dw==</latexit><latexit sha1_base64= "ct9TghWupgxjDnHXOhZHbuLSnPM=">AAACJHicbV DLSsNAFJ3UV42vqks3wVJwISURQUGEoi5cuKhgH9C UMJnetEMnkzAzEWvsx7jxV9y48IELN36Lk7YLbT0w zOHcc7n3Hj9mVCrb/jJyc/MLi0v5ZXNldW19o7C5VZ dRIgjUSMQi0fSxBEY51BRVDJqxABz6DBp+/zyrN25 BSBrxGzWIoR3iLqcBJVhpySuclB7kvhsmrsC8y8B0 L4Ap7N2bJdePWEcOQv25EEvKtP3q1A2x6vlBCkPvz isU7bI9gjVLnAkpogmqXuHd7UQkCYErwrCULceOVT vFQlHCYGi6iYQYkz7uQktTjkOQ7XR05NAqaaVjBZH QjytrpP7uSHEos3W1M9tRTtcy8b9aK1HBcTulPE4U cDIeFCTMUpGVJWZ1qACi2EATTATVu1qkhwUmSudq6 hCc6ZNnSf2g7Gh+fVisnE3iyKMdtIv2kIOOUAVdoiq qIYIe0TN6RW/Gk/FifBifY2vOmPRsoz8wvn8Apiql dw==</latexit><latexit sha1_base64= "ct9TghWupgxjDnHXOhZHbuLSnPM=">AAACJHicbV DLSsNAFJ3UV42vqks3wVJwISURQUGEoi5cuKhgH9C UMJnetEMnkzAzEWvsx7jxV9y48IELN36Lk7YLbT0w zOHcc7n3Hj9mVCrb/jJyc/MLi0v5ZXNldW19o7C5VZ dRIgjUSMQi0fSxBEY51BRVDJqxABz6DBp+/zyrN25 BSBrxGzWIoR3iLqcBJVhpySuclB7kvhsmrsC8y8B0 L4Ap7N2bJdePWEcOQv25EEvKtP3q1A2x6vlBCkPvz isU7bI9gjVLnAkpogmqXuHd7UQkCYErwrCULceOVT vFQlHCYGi6iYQYkz7uQktTjkOQ7XR05NAqaaVjBZH QjytrpP7uSHEos3W1M9tRTtcy8b9aK1HBcTulPE4U cDIeFCTMUpGVJWZ1qACi2EATTATVu1qkhwUmSudq6 hCc6ZNnSf2g7Gh+fVisnE3iyKMdtIv2kIOOUAVdoiq qIYIe0TN6RW/Gk/FifBifY2vOmPRsoz8wvn8Apiql dw==</latexit><latexit sha1_base64= "ct9TghWupgxjDnHXOhZHbuLSnPM=">AAACJHicbV DLSsNAFJ3UV42vqks3wVJwISURQUGEoi5cuKhgH9C UMJnetEMnkzAzEWvsx7jxV9y48IELN36Lk7YLbT0w zOHcc7n3Hj9mVCrb/jJyc/MLi0v5ZXNldW19o7C5VZ dRIgjUSMQi0fSxBEY51BRVDJqxABz6DBp+/zyrN25 BSBrxGzWIoR3iLqcBJVhpySuclB7kvhsmrsC8y8B0 L4Ap7N2bJdePWEcOQv25EEvKtP3q1A2x6vlBCkPvz isU7bI9gjVLnAkpogmqXuHd7UQkCYErwrCULceOVT vFQlHCYGi6iYQYkz7uQktTjkOQ7XR05NAqaaVjBZH QjytrpP7uSHEos3W1M9tRTtcy8b9aK1HBcTulPE4U cDIeFCTMUpGVJWZ1qACi2EATTATVu1qkhwUmSudq6 hCc6ZNnSf2g7Gh+fVisnE3iyKMdtIv2kIOOUAVdoiq qIYIe0TN6RW/Gk/FifBifY2vOmPRsoz8wvn8Apiql dw==</latexit>
(b)
(c) (e)
(f)
(d)
fg = fe = 1/2
<latexit sha1_base64="5D22K/3zyhpXaj1wl8R7tFbGE9M=">A AAB8nicbZDLSgMxFIbPeK31VnXpJlgEV3WmCLopFN24rGAvMB2GTJppQzPJkGSEMvQx3LhQxK1P4863MW1noa0/BD7+cw45549SzrRx3W 9nbX1jc2u7tFPe3ds/OKwcHXe0zBShbSK5VL0Ia8qZoG3DDKe9VFGcRJx2o/HdrN59okozKR7NJKVBgoeCxYxgYy0/DoeNOKQN77IeVq puzZ0LrYJXQBUKtcLKV38gSZZQYQjHWvuem5ogx8owwum03M80TTEZ4yH1LQqcUB3k85Wn6Nw6AxRLZZ8waO7+nshxovUkiWxngs1IL9d m5n81PzPxTZAzkWaGCrL4KM44MhLN7kcDpigxfGIBE8XsroiMsMLE2JTKNgRv+eRV6NRrnuWHq2rztoijBKdwBhfgwTU04R5a0AYCEp7h Fd4c47w4787HonXNKWZO4I+czx/V0JBK</latexit><latexit sha1_base64="5D22K/3zyhpXaj1wl8R7tFbGE9M=">A AAB8nicbZDLSgMxFIbPeK31VnXpJlgEV3WmCLopFN24rGAvMB2GTJppQzPJkGSEMvQx3LhQxK1P4863MW1noa0/BD7+cw45549SzrRx3W 9nbX1jc2u7tFPe3ds/OKwcHXe0zBShbSK5VL0Ia8qZoG3DDKe9VFGcRJx2o/HdrN59okozKR7NJKVBgoeCxYxgYy0/DoeNOKQN77IeVq puzZ0LrYJXQBUKtcLKV38gSZZQYQjHWvuem5ogx8owwum03M80TTEZ4yH1LQqcUB3k85Wn6Nw6AxRLZZ8waO7+nshxovUkiWxngs1IL9d m5n81PzPxTZAzkWaGCrL4KM44MhLN7kcDpigxfGIBE8XsroiMsMLE2JTKNgRv+eRV6NRrnuWHq2rztoijBKdwBhfgwTU04R5a0AYCEp7h Fd4c47w4787HonXNKWZO4I+czx/V0JBK</latexit><latexit sha1_base64="5D22K/3zyhpXaj1wl8R7tFbGE9M=">A AAB8nicbZDLSgMxFIbPeK31VnXpJlgEV3WmCLopFN24rGAvMB2GTJppQzPJkGSEMvQx3LhQxK1P4863MW1noa0/BD7+cw45549SzrRx3W 9nbX1jc2u7tFPe3ds/OKwcHXe0zBShbSK5VL0Ia8qZoG3DDKe9VFGcRJx2o/HdrN59okozKR7NJKVBgoeCxYxgYy0/DoeNOKQN77IeVq puzZ0LrYJXQBUKtcLKV38gSZZQYQjHWvuem5ogx8owwum03M80TTEZ4yH1LQqcUB3k85Wn6Nw6AxRLZZ8waO7+nshxovUkiWxngs1IL9d m5n81PzPxTZAzkWaGCrL4KM44MhLN7kcDpigxfGIBE8XsroiMsMLE2JTKNgRv+eRV6NRrnuWHq2rztoijBKdwBhfgwTU04R5a0AYCEp7h Fd4c47w4787HonXNKWZO4I+czx/V0JBK</latexit><latexit sha1_base64="5D22K/3zyhpXaj1wl8R7tFbGE9M=">A AAB8nicbZDLSgMxFIbPeK31VnXpJlgEV3WmCLopFN24rGAvMB2GTJppQzPJkGSEMvQx3LhQxK1P4863MW1noa0/BD7+cw45549SzrRx3W 9nbX1jc2u7tFPe3ds/OKwcHXe0zBShbSK5VL0Ia8qZoG3DDKe9VFGcRJx2o/HdrN59okozKR7NJKVBgoeCxYxgYy0/DoeNOKQN77IeVq puzZ0LrYJXQBUKtcLKV38gSZZQYQjHWvuem5ogx8owwum03M80TTEZ4yH1LQqcUB3k85Wn6Nw6AxRLZZ8waO7+nshxovUkiWxngs1IL9d m5n81PzPxTZAzkWaGCrL4KM44MhLN7kcDpigxfGIBE8XsroiMsMLE2JTKNgRv+eRV6NRrnuWHq2rztoijBKdwBhfgwTU04R5a0AYCEp7h Fd4c47w4787HonXNKWZO4I+czx/V0JBK</latexit>
fg = fe = 9/2
<latexit sha1_base64="wTB2aeYMYlk9hxTme6mHdIp5ai8=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIrupMEdRFoejGZQV7gekwZ NIzbWgmGZKMUEofw40LRdz6NO58G9N2Ftr6Q+DjP+eQc/4o5Uwb1/12CmvrG5tbxe3Szu7e/kH58KitZaYotKjkUnUjooEzAS3DDIduqoAkEYdONLqb1TtPoDST4tGMUwgSMhAsZpQYa/lxOKjHIdRvLmphueJW3bnwKng5VFCuZlj+6vUlzRIQhnKite+5qQkmRBlGOUxLvUxDSui IDMC3KEgCOpjMV57iM+v0cSyVfcLguft7YkISrcdJZDsTYoZ6uTYz/6v5mYmvgwkTaWZA0MVHccaxkXh2P+4zBdTwsQVCFbO7YjokilBjUyrZELzlk1ehXat6lh8uK43bPI4iOkGn6Bx56Ao10D1qohaiSKJn9IreHOO8OO/Ox6K14OQzx+iPnM8f4gCQUg==</latexit><latexit sha1_base64="wTB2aeYMYlk9hxTme6mHdIp5ai8=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIrupMEdRFoejGZQV7gekwZ NIzbWgmGZKMUEofw40LRdz6NO58G9N2Ftr6Q+DjP+eQc/4o5Uwb1/12CmvrG5tbxe3Szu7e/kH58KitZaYotKjkUnUjooEzAS3DDIduqoAkEYdONLqb1TtPoDST4tGMUwgSMhAsZpQYa/lxOKjHIdRvLmphueJW3bnwKng5VFCuZlj+6vUlzRIQhnKite+5qQkmRBlGOUxLvUxDSui IDMC3KEgCOpjMV57iM+v0cSyVfcLguft7YkISrcdJZDsTYoZ6uTYz/6v5mYmvgwkTaWZA0MVHccaxkXh2P+4zBdTwsQVCFbO7YjokilBjUyrZELzlk1ehXat6lh8uK43bPI4iOkGn6Bx56Ao10D1qohaiSKJn9IreHOO8OO/Ox6K14OQzx+iPnM8f4gCQUg==</latexit><latexit sha1_base64="wTB2aeYMYlk9hxTme6mHdIp5ai8=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIrupMEdRFoejGZQV7gekwZ NIzbWgmGZKMUEofw40LRdz6NO58G9N2Ftr6Q+DjP+eQc/4o5Uwb1/12CmvrG5tbxe3Szu7e/kH58KitZaYotKjkUnUjooEzAS3DDIduqoAkEYdONLqb1TtPoDST4tGMUwgSMhAsZpQYa/lxOKjHIdRvLmphueJW3bnwKng5VFCuZlj+6vUlzRIQhnKite+5qQkmRBlGOUxLvUxDSui IDMC3KEgCOpjMV57iM+v0cSyVfcLguft7YkISrcdJZDsTYoZ6uTYz/6v5mYmvgwkTaWZA0MVHccaxkXh2P+4zBdTwsQVCFbO7YjokilBjUyrZELzlk1ehXat6lh8uK43bPI4iOkGn6Bx56Ao10D1qohaiSKJn9IreHOO8OO/Ox6K14OQzx+iPnM8f4gCQUg==</latexit><latexit sha1_base64="wTB2aeYMYlk9hxTme6mHdIp5ai8=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIrupMEdRFoejGZQV7gekwZ NIzbWgmGZKMUEofw40LRdz6NO58G9N2Ftr6Q+DjP+eQc/4o5Uwb1/12CmvrG5tbxe3Szu7e/kH58KitZaYotKjkUnUjooEzAS3DDIduqoAkEYdONLqb1TtPoDST4tGMUwgSMhAsZpQYa/lxOKjHIdRvLmphueJW3bnwKng5VFCuZlj+6vUlzRIQhnKite+5qQkmRBlGOUxLvUxDSui IDMC3KEgCOpjMV57iM+v0cSyVfcLguft7YkISrcdJZDsTYoZ6uTYz/6v5mYmvgwkTaWZA0MVHccaxkXh2P+4zBdTwsQVCFbO7YjokilBjUyrZELzlk1ehXat6lh8uK43bPI4iOkGn6Bx56Ao10D1qohaiSKJn9IreHOO8OO/Ox6K14OQzx+iPnM8f4gCQUg==</latexit>
fg=5/2
<latexit sha1_base64="j3o5A+XWfVSf337LPM+EQ+WZ8Kg=">AAACAXicbZDLSsNAFIYn9VbjLepGcDO1FFy1SVHURaHoxmUFe4Emh Ml00g6dTMLMRCilbnwVNy4UcetbuPNtnLZZaOsPAx//OYcz5w8SRqWy7W8jt7K6tr6R3zS3tnd296z9g5aMU4FJE8csFp0AScIoJ01FFSOdRBAUBYy0g+HNtN5+IELSmN+rUUK8CPU5DSlGSlu+dVQK/X4t9EntqlI1NbuFmls4r1R9q2iX7ZngMjgZFEGmhm99ub0YpxHhCjMkZde xE+WNkVAUMzIx3VSSBOEh6pOuRo4iIr3x7IIJLGmnB8NY6McVnLm/J8YoknIUBbozQmogF2tT879aN1XhpTemPEkV4Xi+KEwZVDGcxgF7VBCs2EgDwoLqv0I8QAJhpUMzdQjO4snL0KqWHc13Z8X6dRZHHhyDE3AKHHAB6uAWNEATYPAInsEreDOejBfj3fiYt+aMbOYQ/JHx+QND Q5Qt</latexit><latexit sha1_base64="j3o5A+XWfVSf337LPM+EQ+WZ8Kg=">AAACAXicbZDLSsNAFIYn9VbjLepGcDO1FFy1SVHURaHoxmUFe4Emh Ml00g6dTMLMRCilbnwVNy4UcetbuPNtnLZZaOsPAx//OYcz5w8SRqWy7W8jt7K6tr6R3zS3tnd296z9g5aMU4FJE8csFp0AScIoJ01FFSOdRBAUBYy0g+HNtN5+IELSmN+rUUK8CPU5DSlGSlu+dVQK/X4t9EntqlI1NbuFmls4r1R9q2iX7ZngMjgZFEGmhm99ub0YpxHhCjMkZde xE+WNkVAUMzIx3VSSBOEh6pOuRo4iIr3x7IIJLGmnB8NY6McVnLm/J8YoknIUBbozQmogF2tT879aN1XhpTemPEkV4Xi+KEwZVDGcxgF7VBCs2EgDwoLqv0I8QAJhpUMzdQjO4snL0KqWHc13Z8X6dRZHHhyDE3AKHHAB6uAWNEATYPAInsEreDOejBfj3fiYt+aMbOYQ/JHx+QND Q5Qt</latexit><latexit sha1_base64="j3o5A+XWfVSf337LPM+EQ+WZ8Kg=">AAACAXicbZDLSsNAFIYn9VbjLepGcDO1FFy1SVHURaHoxmUFe4Emh Ml00g6dTMLMRCilbnwVNy4UcetbuPNtnLZZaOsPAx//OYcz5w8SRqWy7W8jt7K6tr6R3zS3tnd296z9g5aMU4FJE8csFp0AScIoJ01FFSOdRBAUBYy0g+HNtN5+IELSmN+rUUK8CPU5DSlGSlu+dVQK/X4t9EntqlI1NbuFmls4r1R9q2iX7ZngMjgZFEGmhm99ub0YpxHhCjMkZde xE+WNkVAUMzIx3VSSBOEh6pOuRo4iIr3x7IIJLGmnB8NY6McVnLm/J8YoknIUBbozQmogF2tT879aN1XhpTemPEkV4Xi+KEwZVDGcxgF7VBCs2EgDwoLqv0I8QAJhpUMzdQjO4snL0KqWHc13Z8X6dRZHHhyDE3AKHHAB6uAWNEATYPAInsEreDOejBfj3fiYt+aMbOYQ/JHx+QND Q5Qt</latexit><latexit sha1_base64="j3o5A+XWfVSf337LPM+EQ+WZ8Kg=">AAACAXicbZDLSsNAFIYn9VbjLepGcDO1FFy1SVHURaHoxmUFe4Emh Ml00g6dTMLMRCilbnwVNy4UcetbuPNtnLZZaOsPAx//OYcz5w8SRqWy7W8jt7K6tr6R3zS3tnd296z9g5aMU4FJE8csFp0AScIoJ01FFSOdRBAUBYy0g+HNtN5+IELSmN+rUUK8CPU5DSlGSlu+dVQK/X4t9EntqlI1NbuFmls4r1R9q2iX7ZngMjgZFEGmhm99ub0YpxHhCjMkZde xE+WNkVAUMzIx3VSSBOEh6pOuRo4iIr3x7IIJLGmnB8NY6McVnLm/J8YoknIUBbozQmogF2tT879aN1XhpTemPEkV4Xi+KEwZVDGcxgF7VBCs2EgDwoLqv0I8QAJhpUMzdQjO4snL0KqWHc13Z8X6dRZHHhyDE3AKHHAB6uAWNEATYPAInsEreDOejBfj3fiYt+aMbOYQ/JHx+QND Q5Qt</latexit>
fe=7/2
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FIG. 7. Zeeman excitation scheme. Left: Sketch of Zeeman excitation for fg = fe = 1/2 in (a) single-particle and (b)
eigenstate basis. Superradiant state |S〉 and dark state |D0〉 are defined in text. Middle: Excitation of |D0〉{1/2,1/2} for
fg = fe = 1/2 level structure starting from
∣∣G1/2〉 with (c) ∆z = 10Γ, Ω = 5Γ, ∆ = 0, U = 0 (no gap), and with (d) ∆z = 1Γ,
Ω =
√
3/8Γ, ∆ = 0, U = 100Γ (gapped). Right: Excitation of different dark states: (e) fg = fe = 9/2 starting from
∣∣G9/2〉
with ∆z = 1Γ, Ω = 2.5Γ, ∆ = 0, U = 100Γ (f) fg = 5/2, fe = 7/2 starting from
∣∣g−5/2g−1/2〉 with ∆z = 3Γ, Ω = 1.5Γ,
∆ = −6.99Γ, U = 100Γ.
a large Zeeman splitting ∆z = 10Γ with Ω = 5Γ. Al-
though the dark state gets excited up to about 0.5, the
superradiant state and the double-excited state also do.
Their population can be suppressed if there is an energy
gap, δgap ≡ S − D, between the dark and the super-
radiant state. Figure 7(d) shows an example of this for
U = 100Γ, ∆z = 1Γ, Ω =
√
3/8Γ. The latter value is
chosen such that |Ω˜| = |Ωz|.
Figures 7(e) and (f) show further examples of this ex-
citation scheme applied to more complicated cases: (e)
|D0〉 for fg = fe = 9/2 and (f) |D−4〉 for fg = 5/2,
fe = 7/2. In these cases, the initial ground state cou-
ples to more than one bright eigenstates, which in turn
couple to the dark state. Because of this, estimating the
optimal values for the parameters becomes more compli-
cated. Nevertheless, Figs. 7(e) and (f) show that with
appropriately chosen parameters, we can reach a large
occupation of the dark state. In Fig. 7(e) the occupation
does not reach 1, because other ground-states get excited
along the way, similarly to the Raman scheme in the pre-
vious section [see Fig. 6(e)]. In Fig. 7(f) we note that a
detuning of ∆ = −2.33∆z was used to compensate the
energy shift of the dark state due to the Zeeman term.
VII. IMPLEMENTATION
Alkaline-earth(-like) atoms are promising candidates
to realize the multilevel dark states presented here due to
their lack of hyperfine coupling in the ground state, which
has total electronic angular momentum J = 0. Examples
of possible isotopes currently used in experiments [40, 50]
include 171Yb, 173Yb, or 87Sr, which have nuclear spins
I = 1/2, I = 5/2 and I = 9/2, respectively. For this,
one possibility would be to use the clock transition g =
1S0 to e =
3P0, which has a linewidth Γ ∼ mHz. As
intermediate states for the Raman state preparation one
could use s = 1P1, s =
1S1, s =
1D2, or s =
3D2.
However, because of the generally ultra-long lifetime
of the bare 3P0 state, observing an enhancement of this
lifetime due to subradiance will be challenging, especially
because of other competing decay mechanisms such as
light scattering from the laser beams used to trap the
atoms [51]. This limits the lifetime of any state, in-
cluding the dark state, due to dressing with higher-lying
short-lived electronic levels. To circumvent this issue, we
propose instead to prepare the dark state in the 1S0-
3P0
manifold and then off-resonantly dress the excited state
with a faster decaying transition such as 1P1 or
3P1, sim-
ilarly to the proposal in Ref. [52]. This would not only
increase the effective decay rate of the dark state, but also
allow to controllably switch on and off the decay, which
would leave ample time to do the measurement. Notice
that the interference mechanism needed for subradiance
would be preserved by such an off-resonant dressing, as
long as the intermediate state predominantly decays to
1S0, where the other atom is.
Alternatively, one can aim at preparing the dark state
in a faster decaying transition such as 3P1 with Γ ∼
1 − 100 kHz. In this case, the dark state could also be
prepared using the 3P0 state as intermediary for the Ra-
man scheme. The advantage of this would be that due
to the long lifetime of the 3P0 state, the preparation pro-
cedure could be accomplished in two steps by applying
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two subsequent pi-pulses. Another possibility would be
to prepare the dark state in the 1P1 state, except that
Γ ∼ MHz strong dipolar interactions may induce fast
mixing with higher motional bands and the atoms in the
excited state will not be trapped, as noted in Ref. [52].
VIII. EXPERIMENTAL LIMITATIONS
One important limitation to the lifetime of the dark
state will be set by the effective decay rate to higher
motional bands. In the Lamb-Dicke regime assumed here
(η  1), the decay to the next excited band is given by
Γeff ∼ η2Γ [41]. This effect can in principle be suppressed
by increasing the intensity of the trapping laser. Note,
however, that this will also lead to larger light scattering
effects.
Another source of decay are non-vanishing stray mag-
netic fields. As explained above, such terms generally
couple dark and bright states to each other. While this
can be used for preparation (see Sec. VI B), once pre-
pared a non-vanishing Zeeman detuning ∆z will induce
an effective decay rate on the dark state. Fortunately,
if this detuning is much smaller than the linewidth,
∆z  Γ, the quantum Zeno effect will suppress this ef-
fect as Γeff ∼ ∆2z/Γ. Alternatively, the Zeeman coupling
can be suppressed if the dark state is energetically well-
separated from the bright state. This is, for instance, the
case in the 3P0 state, where energy shifts due to collisions
are ∼ kHz [40, 50].
Collisions can also induce mixing between dark and
bright states. However, if the atoms are tightly trapped
such that they are confined to be in the motional ground
state, the complexity of the collisions is greatly reduced.
In particular, since the dark states are eigenstates of the
total angular momentum, they should be good eigen-
states of collisions too, as long as collisions are dominated
by the long-range part of the potential. The effect of the
short-range interaction part, which is beyond the scope
of this work, is generally hard to estimate [53–55] and
ultimately should be tested experimentally.
IX. CONCLUSIONS
In this work, we have studied the subradiance proper-
ties of n ≥ 2 multilevel fermions loaded into a single trap
(e.g. an optical lattice site or a tweezer), thus extend-
ing our previous work [1]. The atoms are assumed to
occupy the lowest motional band and interact with each
other dominantly via dipolar (coherent and incoherent)
exchange interactions. The multilevel nature combined
with fermion statistics and quantum interference gives
rise in this system to a set of dark (perfectly subradiant)
eigenstates. While the focus of the work was on single
sites, multi-site dark states on optical lattices or tweezers
can be prepared by creating product states where atoms
in each site are either in the ground or in an excited
single-site dark state (or in a superposition of them).
We have found and characterized all single-site dark
states appearing for different fillings n and internal level
structures fg ↔ fe. We have shown that these dark
states are related to eigenstates of the total angular mo-
mentum of the n atoms, and we have given generic pre-
scriptions to identify dark states by counting their respec-
tive decay channels, using dipole selection rules, and the
properties of dipole matrix elements. Moreover, we have
seen that the full eigenstate structure of the single-site
problem corresponds to total angular momentum states
when the coherent dipolar interaction part is zero. This
shows the usefulness of the total angular momentum ba-
sis to describe multilevel systems.
We proposed two different schemes to coherently pre-
pare the dark states with close to 100% fidelity in some
cases. The first approach is based on a Raman like tran-
sition, which allows to couple ground and dark states us-
ing the properties of Clebsch-Gordan coefficients. The
second approach instead makes use of magnetic-field-
induced energy shifts between Zeeman sublevels to couple
bright and dark states.
These multilevel dark states can be implemented us-
ing alkaline-earth atoms in optical lattices or tweezers
and can find applications in different quantum technolo-
gies. Superpositions of ground and dark states can be
used e.g. as logical clock states with vanishingly small
decay rate for quantum metrology. In particular, this
opens the door to building atomic optical clocks on in-
ternal level transitions that are not naturally long lived.
A big advantage of using these multilevel dark states for
clocks would be that such states would not suffer from
dipolar interaction shifts (since they are zero eigenstates
thereof), which will potentially limit the accuracy of cur-
rent 3D lattice clocks. Apart from this, ground and dark
states could also be used as the basis for decoherence-free
qubits in quantum information, for quantum simulation,
and to build interesting quantum optical devices.
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Appendix A: Derivation of master equation
1. Light-matter Hamiltonian
We derive in this section the multilevel dipolar master
equation, Eq. (8), starting from the light-matter Hamil-
tonian of Eqs. (3), (4), and (5), following Refs. [43–45],
see also Ref. [56]. We recall that the light-matter Hamil-
tonian is given by
Hˆtot = Hˆatom + Hˆfield + Hˆaf, (A1)
with
Hˆatom =
∫
dr
∑
m
~ωem σˆemem(r) +
∑
n
~ωgn σˆgngn(r),
(A2)
Hˆfield =
∑
k,λ
~ωk
(
aˆ†k,λaˆk,λ +
1
2
)
, (A3)
Hˆaf = −
∑
m,n
∑
k,λ
∫
dr gk
(
demgn σˆemgn(r) + h.c.
)
·
(
k,λaˆk,λe
ikr + h.c.
)
.
(A4)
Here, we consider arbitrary energies ωem > ωgn to in-
clude the possibility of having nondegenerate Zeeman
sublevels.
We start by switching to the interaction picture with
Hˆ0 ≡ Hˆatom + Hˆfield, where the equation of motion for
the full atom-field density matrix ρˆaf is given by
dρˆaf
dt
=
1
i~
[
Vˆ (t), ρˆaf
]
, (A5)
with the interaction part Vˆ (t) = eiHˆ0t/~Hˆaf e−iHˆ0t/~. It
is given by
Vˆ (t) = −
∑
m,n
∑
k,λ
∫
dr gk
(
demgn σˆemgn(r) e
itωmn + h.c.
)
·
(
k,λaˆk,λe
i(kr−ωkt) + h.c.
)
(A6)
with ωmn ≡ ωem − ωgn .
2. Born-Markov approximation
We perform the usual Born-Markov approximation by
assuming that (i) the atoms and the field degrees of free-
dom are essentially uncorrelated (i.e. very short correla-
tion time), and (ii) the state of the field is independent of
time. For this we consider a window of time ∆t = t− t0
small enough such that the state of the atoms does not
change, but much larger than the correlation time be-
tween atoms and field. Integrating Eq. (A5) from t to t0
we get
ρˆaf (t) = ρˆaf (t0) +
1
i~
∫ ∆t
0
dτ
[
Vˆ (t− τ), ρˆaf (t− τ)
]
.
(A7)
Inserting this again into Eq. (A5), using ρˆaf (t − τ) ≈
ρˆa(t−τ)⊗ ρˆf , ρˆa(t−τ) ≈ ρˆa(t0) ≈ ρˆa(t), and tracing out
over the field degrees of freedom, we obtain the master
equation
dρˆa
dt
=
1
i~
Trf
[
Vˆ (t), ρˆa(t)⊗ ρˆf
]
− 1
~2
Trf
∫ ∆t
0
dτ
[
Vˆ (t),
[
Vˆ (t− τ), ρˆa(t)⊗ ρˆf
]]
≡∆ρˆ(1) + ∆ρˆ(2). (A8)
In the presence of a coherent laser field, the first-order
term ∆ρˆ(1) gives rise to the usual Rabi Hamiltonian,
which is derived further below. Here, we consider first
the case of vacuum electromagnetic field, for which the
first-order term vanishes. In this case, the second-order
term gives rise to dipolar interactions, as we show next.
In the following, we drop the subscript a and write ρˆ for
the atomic density matrix.
For vacuum background field only the aˆ†aˆ and aˆaˆ†
terms in ∆ρˆ(2) with k = k′ and λ = λ′ survive. Assuming
the energy differences ωem−ωgn are much larger than the
energy differences within the ground/excited manifolds
(which is true for optical frequencies), we further neglect
all terms of the form σˆσˆ and σˆ†σˆ†. Going back to the
frame rotating with Hˆatom as ρˆ ≡ e−iHˆatomt/~ρˆa eiHˆatomt/~
the second-order term then reads
∆ρˆ(2) = − 1
~2
∫
r,r′
∑
m,n
∑
m′,n′
∑
k,λ
g2k
∫ ∆t
0
dτ
(
Tˆ1 + Tˆ2 + h.c.
)
,
(A9)
with
Tˆ1 ≡ eik∆re−iτ(ωk+ωm′n′ )P1 Σ1, (A10)
Tˆ2 ≡ eik∆re−iτ(ωk−ωm′n′ )P2 Σ2, (A11)
where ∆r ≡ r− r′ and
Σˆ1 ≡ σˆ†emgn(r) σˆem′gn′ (r′) ρˆ− σˆem′gn′ (r′) ρˆ σˆ†emgn(r),
(A12)
Σˆ2 ≡ σˆemgn(r) σˆ†em′gn′ (r′) ρˆ− σˆ†em′gn′ (r′) ρˆ σˆemgn(r),
(A13)
P1 ≡
(
d∗emgn · k,λ
)(
dem′gn′ · k,λ
)
, (A14)
P2 ≡
(
demgn · k,λ
)(
d∗em′gn′ · k,λ
)
. (A15)
Next, we perform the integral over time and the sum
over the momentum modes and polarization directions.
For the time integral we make the approximation∫ ∆t
0
dτ −→
∫ ∞
0
dτ. (A16)
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Using the well-known identity∫ ∞
0
c dτ eic(k±k0)τ = pi δ(k ± k0) + iP 1
k ± k0 , (A17)
where P denotes the principal value, the time integral in
Eq. (A9) yields∫ ∞
0
cdτ(Tˆ1 + Tˆ2) (A18)
= eik∆r
{
P1 Σˆ1
(
pi δ(k + km′n′)− iP 1
k + km′n′
)
+ P2 Σˆ2
(
pi δ(k − km′n′)− iP 1
k − km′n′
)}
,
(A19)
where we defined kmn ≡ ωmn/c.
Using the fact that the two polarizations k,λ and kˆ ≡
k/|k| from an orthonormal system, we can perform the
sum over polarization directions,
∑
λ P1,2, as∑
λ
(
d1 · k,λ
)(
d2 · k,λ
)
=d1 · d2 −
(
kˆ · d1
)(
kˆ · d2
)
=dT1
(
1− kˆ⊗ kˆ)d2
≡dT1 P (kˆ)d2 (A20)
where d1,2 stands for dipole matrix elements, e.g. demgn .
Here, 1 is a 3-dimensional unit matrix and (a ⊗ b)αβ =
aαbβ .
To perform the sum over the momentum modes k we
take the continuum limit as∑
k
−→ V
(2pi)3
∫
d3k. (A21)
We start with the angular part of the k-integral,
IΩ ≡
∫ 2pi
0
dϕk
∫ pi
0
dθk sin θk e
ik∆rP (kˆ). (A22)
This can be computed by expressing the vector k in a
coordinate system with ∆r as z-axis. In this way, one
obtains IΩ = G˜I(k,∆r) with
G˜I(k, r) = 4pi
{
1
[
sin(kr)
kr
+
cos(kr)
(kr)2
− sin(kr)
(kr)3
]
+rˆ⊗ rˆ
[
− sin(kr)
kr
− 3cos(kr)
(kr)2
+ 3
sin(kr)
(kr)3
]}
,
(A23)
which is related to the electromagnetic Green tensor in
vacuum. In the limit ∆r → 0 one can show that IΩ =
8pi
3 1.
Putting everything so far together, the quadratic con-
tribution to the master equation is given by
∆ρˆ(2) = − 1
~2
∫
r,r′
∑
m,n
∑
m′,n′
(Ik + h.c.) (A24)
with
Ik ≡ ~
2ε0(2pi)3
∫ ∞
0
dk k3{
P˜1 Σ1
(
pi δ(k + km′n′)− iP 1
k + km′n′
)
+P˜2 Σ2
(
pi δ(k − km′n′)− iP 1
k − km′n′
)}
,
(A25)
and P˜1 ≡ d∗Temgn G˜I(k,∆r)dem′gn′ , P˜2 ≡ P˜ ∗1 . The δ-
functions in this expression give rise to the incoherent
Linbladian part of the master equation, whereas the prin-
cipal value part leads to the coherent Hamiltonian part.
We write ∆ρˆ(2) ≡ ∆ρˆ(2)coh + ∆ρˆ(2)inc and give the two con-
tributions separately in the following.
Before doing so, we do an additional approximation by
assuming that |kmn−km′n′ |  (kmn+km′n′), i.e. the typ-
ical energy differences between different ground (excited)
states is small compared to the gap between the ground
and excited manifolds (this is justified for optical tran-
sitions). This allows to substitute km′n′ ≈ kmn → k0 in
the expressions above, where k0 can be seen as the mean
frequency difference between the e and g manifolds. One
can imagine this as a Taylor expansion around k0 up to
leading non-vanishing order.
Since km′n′ > 0 the δ(k + km′n′) terms vanish and the
incoherent contribution becomes
∆ρ
(2)
inc = −
∫
r,r′
∑
m,n
∑
m′,n′
(
dTmn ImG(k0, r− r′)d∗m′n′
)
({
σˆemgn(r) σˆ
†
em′gn′ (r
′), ρˆ
}
− 2σˆ†em′gn′ (r′) ρˆ σˆemgn(r)
)
,
(A26)
where the electromagnetic tensor G is defined in Eq. (12),
and we now included the k0 dependence explicitly. For
r → 0 one obtains ImG(r) → Γ2 1. In this expression,
we used the Wigner-Eckart decomposition of the dipole
matrix elements given in the main text. The radial part
has been absorbed into Γ, and we dropped the superscript
‘sph’ from the spherical part, dmn ≡ dsphmn.
After combining the terms in Eq. (A25) with their her-
mitian conjugates, the terms proportional to σˆ†ρˆσˆ and
σˆρˆσˆ† vanish and the rest reduces after some reordering
to
Icohk =
−i~
4pi2ε0
dTemgn
(
P
∫ ∞
−∞
dk
k3ImG(k, r− r′)
k − k0
)
d∗em′gn′
× σˆmn(r) σˆ†m′n′(r′) ρˆ. (A27)
Using contour integration the coherent contribution to
the master equation becomes
∆ρˆ
(2)
coh ≡ −
1
i
∫
r,r′
∑
m,n
∑
m′,n′
(
dTmn ReG(k0, r− r′)d∗m′n′
)
[
σemgn(r)σ
†
em′gn′ (r
′), ρˆ
]
. (A28)
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Strictly speaking, ReG(k0, r − r′) diverges as ∆r → 0,
but this will be smoothen out once the integrals over r
and r′ are carried out.
Equations (A28) and (A26) are already very close to
the final expression for the master equation given in the
main text. To finish the derivation we just need to ex-
pand the operators in the basis of Wannier functions and
write the dipole matrix elements in terms of Clebsch-
Gordan coefficients.
As a side remark, we notice that in the limit where
the energy difference ωmn − ωm′n′ for some (m,n) 6=
(m′, n′) is much larger than Γ, the corresponding terms
σˆemgnσ
†
em′gn′ are fast-rotating and can be ignored.
3. Wannier basis
We assume the atoms are resting in the lowest band
of an optical lattice and expand the field operators in
the Wannier basis as ψˆam(r) =
∑
i wi(r) cˆi,am , where a ∈{g, e} and i denotes lattice site. We make a harmonic
approximation and set wi(r) ≈ ψ0(r−ri), where ψ0(r) =∏
n={x,y,z}
1
(2pi`2n)
1/4 e
−r2n/(4`2n) is the ground state of the
oscillator, `2n ≡ ~/(2mωn), ωn ≡ (2Vn k2L/m)1/2 are the
onsite trap frequencies, kL is the trap wave-vector, m is
the mass, and Vn is the trap depth in the corresponding
direction, V (r) =
∑
n={x,y,z} Vn sin(kLrn)
2.
We insert the Wannier expansion into the above ex-
pressions and obtain in this way dρˆ/dt = −i[Hˆ, ρˆ] +L(ρˆ)
with
Hˆ = −
∑
m,n
∑
m′n′
∑
ij
(
dTmn ReG
ij d∗m′n′
)
σˆ(i)emgn σˆ
(j)
gn′em′ ,
(A29)
L(ρˆ) = −
∑
m,n
∑
m′,n′
∑
ij
(
dTmn ImG
ij d∗m′n′
)
({
σˆ(i)emgn σˆ
(j)
gn′em′ , ρˆ
}
− 2σˆ(j)gn′em′ ρˆ σˆ(i)emgn
)
,
(A30)
where we defined σˆ
(i)
gmen ≡ cˆ†i,gm cˆi,en as in the main text.
The interaction tensors are given by
ImGij ≡
∫
dr dr′ ImG(k0, r− r′) |wi(r)|2 |wj(r′)|2,
(A31)
ReGij ≡
∫
dr dr′ReG(k0, r− r′) |wi(r)|2 |wj(r′)|2.
(A32)
For i 6= j we approximate the square of the Wannier func-
tions by δ-functions and obtain ImGij ≈ ImG(k0, ri−rj)
and ReGij ≈ ReG(k0, ri − rj). The on-site case i = j
requires a more careful treatment and will be computed
in App. B.
Using the expression of the dipole matrix elements in
terms of Clebsch-Gordan coefficients, Eq. (7), and the
definition of the multilevel raising/lowering operators,
Eq. (9), the Hamiltonian and Linbladian of Eqs. (A29)
and (A30) turn into the expressions given in the main
text, Eq. (8).
4. Single-particle Hamiltonian
We give here the single-body Hamiltonian missing from
the master equation presented above, which we write as
Hˆsingle = HˆL + Hˆ∆. (A33)
We assume the atoms are subject to a laser with electric
field given by E(t, r) = LEei(kLr−ωLt) + c.c. with ampli-
tude E , polarization L, frequency ωL and wave-vector
kL. The first-order term of the master equation is then
given by ∆ρˆ(1) = 1/(i~)[HˆL, ρˆ], with
HˆL = − ~
∑
i,m,n
[
Ωemgn σˆ
(i)
emgn e
ikLri + h.c.
]
, (A34)
and Ωemgn ≡ (demgn · L)E/~ ≡ Ω(dsphmn · L). Here,
we went into the rotating frame of the laser using ρˆ →
eiHˆωL t/~ρˆe−iHˆωL t/~ with HˆωL =
∑
i,m ~ωLσˆ
(i)
emem and
performed a Rotating Wave Approximation. Thus, the
Hamiltonian for the level energies is given by
Hˆ∆ = ~
∑
i,m
(ωem − ωL)σˆ(i)emem + ~
∑
i,n
ωgn σˆ
(i)
gngn . (A35)
Appendix B: Onsite interactions for a deep trap
As shown in App. A, the onsite dipole interaction ma-
trices are given by
Gii =
∫
dr dr′G(r− r′) |wi(r)|2 |wi(r′)|2, (B1)
where G(r − r′) is the dyadic Green’s tensor defined
in the main text, and wi(r) = w(r − ri) is the Wan-
nier function of the lowest motional eigenstate of lat-
tice site i. We consider here the limit of a deep trap,
such that wi(r) ≈ ψ0(r − ri) can be approximated by
the ground-state wave-function of a harmonic potential,
ψ0(r) =
∏
n={x,y,z}
1
(2pi`2n)
1/4 e
−r2n/(4`2n). Note that the
components rn of the position vector r are given with
respect to the coordinate system defined by the lattice
axes.
The leading-order terms of G(r) for short distances are
given by
ReG(r) ≈ − 3Γ
4
1− 3rˆ ⊗ rˆ
(k0r)3
, (B2)
ImG(r) ≈ Γ
2
1. (B3)
This implies ImGii = Γ2 1. In the following, we explicitly
compute the integral ReGii using the approximation of
Eq. (B2).
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1. Onsite coefficient
The aim is to compute the integral
ReGii = − 3Γ
4k30
∫
dr dr′
1− 3 ∆rˆ⊗∆rˆ
|∆r|3 ρ0(r) ρ0(r
′),
(B4)
which is independent of i, and where we defined ρ0(r) ≡
|ψ0(r)|2, ∆r = r − r′ and ∆rˆ = ∆r/|∆r|. We start by
expanding the vector ∆rˆ in spherical components with
respect to the lattice axes {eLx , eLy , eLz } as
∆rˆ = − 1√
2
sin θ eiϕeL+ +
1√
2
sin θ e−iϕeL− + cos θ e
L
z ,
(B5)
where eL± = ∓(eLx ± ieLy ) as usual. Note that the prefac-
tors are proportional to the spherical harmonics Yl,m for
l = 1. Using this expansion we can write
ReGii = − 3Γ
4k30
×{
V 0
[
1
2
(
eL+ ⊗ eL− + eL− ⊗ eL+
)
+ eLz ⊗ eLz
]
+ V +z
(
eL+ ⊗ eLz + eLz ⊗ eL+
)− V −z (eL− ⊗ eLz + eLz ⊗ eL−)
+ V ++eL+ ⊗ eL+ + V −−eL− ⊗ eL−
}
(B6)
where we defined the onsite coefficients
V 0 ≡
∫
dr dr′ V 0(r− r′) ρ0(r) ρ0(r′), (B7)
V ±z ≡
∫
dr dr′ V ±z(r− r′) ρ0(r) ρ0(r′), (B8)
V ±± ≡
∫
dr dr′ V ±±(r− r′) ρ0(r) ρ0(r′), (B9)
with
V 0(r) ≡ 1− 3 cos θ
2
r3
, (B10)
V ±z(r) ≡ 3√
2
sin θ cos θe±iϕ
r3
, (B11)
V ±±(r) ≡ − 3
2
sin θ2e±2iϕ
r3
. (B12)
The problem is thus reduced to the computation of the
coefficients V 0, V ±z and V ±±.
All these expressions have the form of convolution in-
tegrals, V × =
∫
dr dr′ V ×(r − r′) ρ0(r) ρ0(r′), where ‘×’
stands for any of the above superscripts. Using the con-
volution theorem, one can compute them as
V × =
∫
dk
(2pi)3
V ×(k) ρ0(k) ρ0(−k), (B13)
where the Fourier transform is defined as V ×(k) =∫
dr e−ikr V ×(r), and equivalently for ρ0. The Fourier
transformed functions can be explicitly computed to be
V 0(k) = − 4pi
3
(
1− 3 cos θ2k
)
, (B14)
V ±z(k) = − 4pi
3
(
3√
2
sin(θk) cos(θk) e
±iϕk
)
, (B15)
V ±±(k) = − 4pi
3
(
−3
2
sin θ2k e
±2iϕk
)
, (B16)
ρ0(k) = e
− 12
∑
n k
2
n`
2
n = ρ0(−k). (B17)
where ϕk and θk are the spherical angles of k in the lat-
tice coordinate system. Up to a prefactor −4pi/3, the
functions V ×(k) have all the same form as Eqs. (B10),
(B11), and (B12) without the 1/r3. Therefore, the re-
maining integral can be written as
ReGii =
Γpi
k30
∫
dk
(2pi)3
(1− 3 kˆ⊗ kˆ) e−
∑
n k
2
n `
2
n , (B18)
In principle, the integral over k can now be computed
numerically for given values of `x,y,z.
We consider an axially symmetric trap, `x = `y ≡ `⊥.
Performing the integrals over ϕk and k yields
ReGii =
3Γ
4
U(k0, `z, `⊥)(1− 3 eLz ⊗ eLz ), (B19)
with the prefactor
U(k0, `z, `⊥) =
1
24
√
pik30
∫ 1
−1
dx
3x2 − 1
[(`2z − `2⊥)x2 + `2⊥]3/2
.
(B20)
Recall that eLz is the z-axis of the lattice and is not nec-
essarily the same as the quantization axis ez.
2. Scaling analysis of onsite coefficient
We analyze now the dependence of the onsite interac-
tion prefactor (B20) on the laser wave-length λ0, lattice
wave-length λL and lattice depth. The widths `n of the
ground-state wave function ψ0(r) are given by
`2n =
λ2L
8pi2
√
νn
, (B21)
where νn = Vn/ER is the depth of the lattice potential in
units of the photon recoil energy ER = ~2k2L/(2m), see
App. A 3.
The onsite prefactor scales as
U(k0, `z, `⊥) =
(
λ0
λL
)3
(νzν⊥)3/8 U˜(`z/`⊥), (B22)
where U˜ is proportional to the integral in Eq. (B20) and
needs to be computed numerically. This expression im-
plies that for fixed ratio `z/`⊥ we can make the onsite
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FIG. 8. Top: Onsite prefactor U(k0, `z, `⊥) as a function of
`⊥/`z. Bottom: Onsite prefactor U(k0, `z, `⊥) as a function
of `z/`⊥. Both are plotted for different trap depths νn =
Vn/ER in units of the recoil energy, using λ0 = 689 nm and
λL = 813 nm.
prefactor U larger by increasing the lattice depth, al-
though the increase is relatively slow with (νzν⊥)3/8. Al-
ternatively, one may use a different lattice laser or tran-
sition frequency, so as to make λ0/λL larger.
Figure 8 shows plots of U for fixed `z (`⊥) as a func-
tion of `⊥/`z (`z/`⊥) for different lattice depths. For
this we used λ0 = 689 nm and λL = 813 nm, which cor-
respond to the 1S0 →3 P0 transition of 87Sr on a magic
wave-length lattice [57]. Interestingly, in both cases the
function reaches a maximum absolute value at a given
ratio and then decreases monotonously. This can be un-
derstood from the fact that when the ratio `⊥/`z (`z/`⊥)
approaches 1, the integral vanishes because of symmetry.
On the other hand, when the ratio is very large the inter-
action approaches zero because the atoms are on average
too far apart.
We numerically estimate the maximum to be at
arg max
`⊥/`z>1
∣∣∣U(`⊥/`z)∣∣`z=const∣∣∣ ≈ 1.66, (B23)
arg max
`z/`⊥>1
|U(`z/`⊥)
∣∣
`⊥=const
| ≈ 2.18. (B24)
Using `⊥/`z = (νz/ν⊥)1/4 this implies that the ratio of
lattice depths at which the onsite interaction is maximal
is νz/ν⊥ ≈ 7.59 and ν⊥/νz ≈ 22.59, respectively. The
maximum value achieved is larger for the case `z/`⊥ > 1,
i.e. for cigar-shaped rather than pancake-shaped traps.
Appendix C: Dipole operator
The dipole operator dˆ can be expanded (ignoring the
site index i) as
dˆ =
∑
m,n
(
demgn σˆemgn + h.c.
)
, (C1)
which was used in Eq. (5). The dipole operator is a vector
under rotations and thus can be expanded in spherical
components as dˆ =
∑
q(−1)qe−qdˆ1q, where dˆ10 = dˆz, dˆ1± =
∓(dˆx ± idˆy)/√2. Using the Wigner-Eckart theorem and
the symmetries of the Clebsch-Gordan coefficients [42],
one can then show
demgn =
∑
q
(−1)qe−q〈em|dˆ1q|gn〉
=
〈e, fe||dˆ1||g, fg〉√
2fe + 1
∑
q
(−1)qe−qCqn. (C2)
with Cqn as defined in Sec. II A, and the reduced dipole
matrix element dradge = 〈e, fe||dˆ1||g, fg〉. Inserting this
into the above expression and reordering terms one can
then split the dipole operator into
dˆ =
〈e, fe||dˆ1||g, fg〉√
2fe + 1
(
Dˆ+ + Dˆ−
)
(C3)
where
Dˆ+ ≡
∑
q
(−1)qe−qDˆ+q , (C4)
Dˆ− ≡
∑
q
(−1)qe∗−qDˆ−q . (C5)
Since the dipole operator is a vector, and the operators
Dˆ± do not mix under rotations, it follows that the three
components (q = 0,±1) of Dˆ+ (Dˆ−) also form a vector.
We note, however, that given the above expressions, the
spherical components of Dˆ+ are Dˆ+q , whereas the spher-
ical components of Dˆ− are strictly speaking (−1)qDˆ−−q.
This detail should be taken into account when explicitly
evaluating matrix elements.
To compute matrix elements of the operators Dˆ±q with
respect to eigenstates of the total angular momentum
we use the fact that they are spherical operators. Thus,
using the Wigner-Eckart theorem it follows as above that
〈η1, f1,m1|Dˆ+q |η2, f2,m2〉
=
〈η1, f1||Dˆ+||η2, f2〉√
2f1 + 1
〈f2m2; 1 q|f1m1〉, (C6)
21
and similarly for Dˆ+q → (−1)qDˆ−−q. Here, η1,2 accounts
for other quantum numbers associated to the states con-
sidered, e.g. e and g.
In the main text, we encountered the scalar product
Dˆ+ · Dˆ− =
∑
q,q′
(−1)q+q′e−q · e∗−q′Dˆ+q Dˆ−q′
=
∑
q
Dˆ+q Dˆ−q . (C7)
Since the scalar product of two vectors gives rise to
a scalar under rotations, this shows that the sum∑
q Dˆ+q Dˆ−q is a scalar and thus commutes with the to-
tal angular momentum operator.
Appendix D: Dark states from single-particle basis
We prove here that the states of Eqs. (21) and (22) are
the only existing dark states for n = 2 using the single-
particle Fock basis.
In general, a dark state is a superposition of different
Fock states that has to fulfill Eq. (20). As argued in
Sec. IV B, we can assume that all Fock states in the su-
perposition have the same number of excitations ne and
magnetic number M . Each of these Fock states has dif-
ferent possible decay channels and all need to be killed
either by Pauli exclusion or through destructive interfer-
ence with the decay of a different state. Because n = 2,
there are at most two different Fock states which can de-
cay to the same final state |φf 〉 via the same polarization
q. Therefore, Fock states can only interfere in pairs in
this case.
When a Fock state has a decay channel (|φf 〉 , q) that
no other Fock state has, we call it a unique decay channel.
Fock states with unique decay channels can not be part
of a dark state superposition. This can be used to show
the absence of dark states for various cases: states with
two excitations, states with M 6= 0 for the multi- level
structure, and any state for the multi-Λ structure. For
double-excited states, it is straightforward to see that
there exist no two states of the form |em en〉 that can
decay to the same final state via the same polarization.
For the multi- level structure, one can show that in any
set of states with M 6= 0 there is always one state which
has a unique decay channel. The same argument applies
to the multi-Λ level structure for any M .
For the remaining cases, it follows from the previous
considerations that we can write a dark state ansatz
generically as
|DM 〉{fg,fe} =
∑
m
α(fg,fe,M)m |gM−mem〉 , (D1)
where the sum is restricted to −fg ≤ M −m ≤ fg and
−fe ≤ m ≤ fe. The corresponding amplitudes α(fg,fe,M)m
need to fulfill the system of equations (20). Since the
Clebsch-Gordan coefficients are real, the amplitudes can
be assumed to be real too.
q
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n
<latexit sha1_base64="ry6Yw3maSNOyvCuticcRq4v7Be8=">AAACJnicbVDLSgMxFM34tr6qL t0Ei+BGmRFBN4LoxqWCfUCnljtppg0mmWlyRylDv8aNv+LGhSLizk8xfYCPeiBwOOcebu6JUiks+v6HNzU9Mzs3v7BYWFpeWV0rrm9UbJIZxssskYmpRWC5FJqXUaDktdRwUJHk1ej2fOBX77ixItHX2 Et5Q0Fbi1gwQCc1iyc7oeQxGtHuIBiT3IfdDFr0/KbbzNVetx+CTDvQVPRkpOlvTRdcvuTv+0PQSRKMSYmMcdksvoSthGWKa2QSrK0HfoqNHAwKJnm/EGaWp8Buoc3rjmpQ3Dby4Zl9uuOUFo0T455GOl R/JnJQ1vZU5CYVYMf+9Qbif149w/i4kQudZsg1Gy2KM0kxoYPOaEsYzlD2HAFmhPsrZR0wwNA1W3AlBH9PniSVg/3A8avD0unZuI4FskW2yS4JyBE5JRfkkpQJIw/kibyQV+/Re/bevPfR6JQ3zmySX/A +vwC7+aXk</latexit><latexit sha1_base64="ry6Yw3maSNOyvCuticcRq4v7Be8=">AAACJnicbVDLSgMxFM34tr6qL t0Ei+BGmRFBN4LoxqWCfUCnljtppg0mmWlyRylDv8aNv+LGhSLizk8xfYCPeiBwOOcebu6JUiks+v6HNzU9Mzs3v7BYWFpeWV0rrm9UbJIZxssskYmpRWC5FJqXUaDktdRwUJHk1ej2fOBX77ixItHX2 Et5Q0Fbi1gwQCc1iyc7oeQxGtHuIBiT3IfdDFr0/KbbzNVetx+CTDvQVPRkpOlvTRdcvuTv+0PQSRKMSYmMcdksvoSthGWKa2QSrK0HfoqNHAwKJnm/EGaWp8Buoc3rjmpQ3Dby4Zl9uuOUFo0T455GOl R/JnJQ1vZU5CYVYMf+9Qbif149w/i4kQudZsg1Gy2KM0kxoYPOaEsYzlD2HAFmhPsrZR0wwNA1W3AlBH9PniSVg/3A8avD0unZuI4FskW2yS4JyBE5JRfkkpQJIw/kibyQV+/Re/bevPfR6JQ3zmySX/A +vwC7+aXk</latexit><latexit sha1_base64="ry6Yw3maSNOyvCuticcRq4v7Be8=">AAACJnicbVDLSgMxFM34tr6qL t0Ei+BGmRFBN4LoxqWCfUCnljtppg0mmWlyRylDv8aNv+LGhSLizk8xfYCPeiBwOOcebu6JUiks+v6HNzU9Mzs3v7BYWFpeWV0rrm9UbJIZxssskYmpRWC5FJqXUaDktdRwUJHk1ej2fOBX77ixItHX2 Et5Q0Fbi1gwQCc1iyc7oeQxGtHuIBiT3IfdDFr0/KbbzNVetx+CTDvQVPRkpOlvTRdcvuTv+0PQSRKMSYmMcdksvoSthGWKa2QSrK0HfoqNHAwKJnm/EGaWp8Buoc3rjmpQ3Dby4Zl9uuOUFo0T455GOl R/JnJQ1vZU5CYVYMf+9Qbif149w/i4kQudZsg1Gy2KM0kxoYPOaEsYzlD2HAFmhPsrZR0wwNA1W3AlBH9PniSVg/3A8avD0unZuI4FskW2yS4JyBE5JRfkkpQJIw/kibyQV+/Re/bevPfR6JQ3zmySX/A +vwC7+aXk</latexit><latexit sha1_base64="ry6Yw3maSNOyvCuticcRq4v7Be8=">AAACJnicbVDLSgMxFM34tr6qL t0Ei+BGmRFBN4LoxqWCfUCnljtppg0mmWlyRylDv8aNv+LGhSLizk8xfYCPeiBwOOcebu6JUiks+v6HNzU9Mzs3v7BYWFpeWV0rrm9UbJIZxssskYmpRWC5FJqXUaDktdRwUJHk1ej2fOBX77ixItHX2 Et5Q0Fbi1gwQCc1iyc7oeQxGtHuIBiT3IfdDFr0/KbbzNVetx+CTDvQVPRkpOlvTRdcvuTv+0PQSRKMSYmMcdksvoSthGWKa2QSrK0HfoqNHAwKJnm/EGaWp8Buoc3rjmpQ3Dby4Zl9uuOUFo0T455GOl R/JnJQ1vZU5CYVYMf+9Qbif149w/i4kQudZsg1Gy2KM0kxoYPOaEsYzlD2HAFmhPsrZR0wwNA1W3AlBH9PniSVg/3A8avD0unZuI4FskW2yS4JyBE5JRfkkpQJIw/kibyQV+/Re/bevPfR6JQ3zmySX/A +vwC7+aXk</latexit>
−→
<latexit sha1_base64="AFNWmRwyZN9vm8kCfHf+9KBznkI=" >AAACNHicbVDLahtBEJyV85CVhxX7mMsQYfDFYjcE4kvAxBeDLzJEkkGrLL2jWWnQPFYzvTZi0Uf54g/xxQRysDG++hsyeoATOQUDR VUXPV1pLoXDMPwVVDZevHz1urpZe/P23fut+oftjjOFZbzNjDT2LAXHpdC8jQIlP8stB5VK3k3HR3O/e86tE0b/wGnO+wqGWmSCAXo pqZ/sxpJnaMVwhGCtuYgnBQzo0c9JUqr9ySwGmY8gUfTbUtNPmq7F0ujhUzSpN8JmuAB9TqIVaZAVWkn9Oh4YViiukUlwrheFOfZLs CiY5LNaXDieAxvDkPc81aC465eLo2d01ysDmhnrn0a6UP9OlKCcm6rUTyrAkVv35uL/vF6B2UG/FDovkGu2XJQVkqKh8wbpQFjOUE 49AWaF/ytlI7DA0Pdc8yVE6yc/J53Pzcjz0y+Nw++rOqrkI/lE9khEvpJDckxapE0YuSQ35JbcBVfB7+A+eFiOVoJVZof8g+DxDyF6 rFc=</latexit><latexit sha1_base64="AFNWmRwyZN9vm8kCfHf+9KBznkI=" >AAACNHicbVDLahtBEJyV85CVhxX7mMsQYfDFYjcE4kvAxBeDLzJEkkGrLL2jWWnQPFYzvTZi0Uf54g/xxQRysDG++hsyeoATOQUDR VUXPV1pLoXDMPwVVDZevHz1urpZe/P23fut+oftjjOFZbzNjDT2LAXHpdC8jQIlP8stB5VK3k3HR3O/e86tE0b/wGnO+wqGWmSCAXo pqZ/sxpJnaMVwhGCtuYgnBQzo0c9JUqr9ySwGmY8gUfTbUtNPmq7F0ujhUzSpN8JmuAB9TqIVaZAVWkn9Oh4YViiukUlwrheFOfZLs CiY5LNaXDieAxvDkPc81aC465eLo2d01ysDmhnrn0a6UP9OlKCcm6rUTyrAkVv35uL/vF6B2UG/FDovkGu2XJQVkqKh8wbpQFjOUE 49AWaF/ytlI7DA0Pdc8yVE6yc/J53Pzcjz0y+Nw++rOqrkI/lE9khEvpJDckxapE0YuSQ35JbcBVfB7+A+eFiOVoJVZof8g+DxDyF6 rFc=</latexit><latexit sha1_base64="AFNWmRwyZN9vm8kCfHf+9KBznkI=" >AAACNHicbVDLahtBEJyV85CVhxX7mMsQYfDFYjcE4kvAxBeDLzJEkkGrLL2jWWnQPFYzvTZi0Uf54g/xxQRysDG++hsyeoATOQUDR VUXPV1pLoXDMPwVVDZevHz1urpZe/P23fut+oftjjOFZbzNjDT2LAXHpdC8jQIlP8stB5VK3k3HR3O/e86tE0b/wGnO+wqGWmSCAXo pqZ/sxpJnaMVwhGCtuYgnBQzo0c9JUqr9ySwGmY8gUfTbUtNPmq7F0ujhUzSpN8JmuAB9TqIVaZAVWkn9Oh4YViiukUlwrheFOfZLs CiY5LNaXDieAxvDkPc81aC465eLo2d01ysDmhnrn0a6UP9OlKCcm6rUTyrAkVv35uL/vF6B2UG/FDovkGu2XJQVkqKh8wbpQFjOUE 49AWaF/ytlI7DA0Pdc8yVE6yc/J53Pzcjz0y+Nw++rOqrkI/lE9khEvpJDckxapE0YuSQ35JbcBVfB7+A+eFiOVoJVZof8g+DxDyF6 rFc=</latexit><latexit sha1_base64="AFNWmRwyZN9vm8kCfHf+9KBznkI=" >AAACNHicbVDLahtBEJyV85CVhxX7mMsQYfDFYjcE4kvAxBeDLzJEkkGrLL2jWWnQPFYzvTZi0Uf54g/xxQRysDG++hsyeoATOQUDR VUXPV1pLoXDMPwVVDZevHz1urpZe/P23fut+oftjjOFZbzNjDT2LAXHpdC8jQIlP8stB5VK3k3HR3O/e86tE0b/wGnO+wqGWmSCAXo pqZ/sxpJnaMVwhGCtuYgnBQzo0c9JUqr9ySwGmY8gUfTbUtNPmq7F0ujhUzSpN8JmuAB9TqIVaZAVWkn9Oh4YViiukUlwrheFOfZLs CiY5LNaXDieAxvDkPc81aC465eLo2d01ysDmhnrn0a6UP9OlKCcm6rUTyrAkVv35uL/vF6B2UG/FDovkGu2XJQVkqKh8wbpQFjOUE 49AWaF/ytlI7DA0Pdc8yVE6yc/J53Pzcjz0y+Nw++rOqrkI/lE9khEvpJDckxapE0YuSQ35JbcBVfB7+A+eFiOVoJVZof8g+DxDyF6 rFc=</latexit>
m1
<latexit sha1_base64="G/DsuLAX1l/cbNA4GFBg6/A83CM=">AAACOXicbVBNa9tAFFwlbZoqTaq2x16 WmkAvDVIINJeAqS89ulAnAcsRT6uVvWQ/5N2nFiP8t3rJv8gtkEsOLaXX/oGsbUHSpAMLw8wb3r7JKykcxvFVsLb+5OnGs83n4daL7Z2X0avXx87UlvEBM9LY0xwcl0LzAQqU/LSyHFQu+Ul+3lv4J9+4dcLorzir+EjBW ItSMEAvZVF/N5W8RCvGEwRrzfd0WkNBe2fTrFEfpvMUZDWBTNGjlabvNB36rNHju2yosiSLOvFevAR9TJKWdEiLfhZdpoVhteIamQTnhklc4agBi4JJPg/T2vEK2DmM+dBTDYq7UbO8fE53vVLQ0lj/NNKlej/RgHJupnI /qQAn7qG3EP/nDWssD0eN0FWNXLPVorKWFA1d1EgLYTlDOfMEmBX+r5RNwAJDX3boS0genvyYHO/vJZ5/Oeh0P7V1bJK35B15TxLykXTJZ9InA8LID3JNfpJfwUVwE/wO/qxG14I284b8g+DvLTHVrbU=</latexit><latexit sha1_base64="G/DsuLAX1l/cbNA4GFBg6/A83CM=">AAACOXicbVBNa9tAFFwlbZoqTaq2x16 WmkAvDVIINJeAqS89ulAnAcsRT6uVvWQ/5N2nFiP8t3rJv8gtkEsOLaXX/oGsbUHSpAMLw8wb3r7JKykcxvFVsLb+5OnGs83n4daL7Z2X0avXx87UlvEBM9LY0xwcl0LzAQqU/LSyHFQu+Ul+3lv4J9+4dcLorzir+EjBW ItSMEAvZVF/N5W8RCvGEwRrzfd0WkNBe2fTrFEfpvMUZDWBTNGjlabvNB36rNHju2yosiSLOvFevAR9TJKWdEiLfhZdpoVhteIamQTnhklc4agBi4JJPg/T2vEK2DmM+dBTDYq7UbO8fE53vVLQ0lj/NNKlej/RgHJupnI /qQAn7qG3EP/nDWssD0eN0FWNXLPVorKWFA1d1EgLYTlDOfMEmBX+r5RNwAJDX3boS0genvyYHO/vJZ5/Oeh0P7V1bJK35B15TxLykXTJZ9InA8LID3JNfpJfwUVwE/wO/qxG14I284b8g+DvLTHVrbU=</latexit><latexit sha1_base64="G/DsuLAX1l/cbNA4GFBg6/A83CM=">AAACOXicbVBNa9tAFFwlbZoqTaq2x16 WmkAvDVIINJeAqS89ulAnAcsRT6uVvWQ/5N2nFiP8t3rJv8gtkEsOLaXX/oGsbUHSpAMLw8wb3r7JKykcxvFVsLb+5OnGs83n4daL7Z2X0avXx87UlvEBM9LY0xwcl0LzAQqU/LSyHFQu+Ul+3lv4J9+4dcLorzir+EjBW ItSMEAvZVF/N5W8RCvGEwRrzfd0WkNBe2fTrFEfpvMUZDWBTNGjlabvNB36rNHju2yosiSLOvFevAR9TJKWdEiLfhZdpoVhteIamQTnhklc4agBi4JJPg/T2vEK2DmM+dBTDYq7UbO8fE53vVLQ0lj/NNKlej/RgHJupnI /qQAn7qG3EP/nDWssD0eN0FWNXLPVorKWFA1d1EgLYTlDOfMEmBX+r5RNwAJDX3boS0genvyYHO/vJZ5/Oeh0P7V1bJK35B15TxLykXTJZ9InA8LID3JNfpJfwUVwE/wO/qxG14I284b8g+DvLTHVrbU=</latexit><latexit sha1_base64="G/DsuLAX1l/cbNA4GFBg6/A83CM=">AAACOXicbVBNa9tAFFwlbZoqTaq2x16 WmkAvDVIINJeAqS89ulAnAcsRT6uVvWQ/5N2nFiP8t3rJv8gtkEsOLaXX/oGsbUHSpAMLw8wb3r7JKykcxvFVsLb+5OnGs83n4daL7Z2X0avXx87UlvEBM9LY0xwcl0LzAQqU/LSyHFQu+Ul+3lv4J9+4dcLorzir+EjBW ItSMEAvZVF/N5W8RCvGEwRrzfd0WkNBe2fTrFEfpvMUZDWBTNGjlabvNB36rNHju2yosiSLOvFevAR9TJKWdEiLfhZdpoVhteIamQTnhklc4agBi4JJPg/T2vEK2DmM+dBTDYq7UbO8fE53vVLQ0lj/NNKlej/RgHJupnI /qQAn7qG3EP/nDWssD0eN0FWNXLPVorKWFA1d1EgLYTlDOfMEmBX+r5RNwAJDX3boS0genvyYHO/vJZ5/Oeh0P7V1bJK35B15TxLykXTJZ9InA8LID3JNfpJfwUVwE/wO/qxG14I284b8g+DvLTHVrbU=</latexit>
m2
<latexit sha1_base64="G7q8p+tT1mmEf+ihE25QR8VrIqk=">AAACOXicbVDLahtBEJxVnMTZvOTk6Mt gIcglYlcEkktAWJccFbBsg1ZZekez0qB5rGZ6E8Si38olf5GbwRcfbIyv/oGMHmBbTsFAUdVFT1dWSOEwis6C2pOdp8+e774IX756/eZtfe/dsTOlZbzPjDT2NAPHpdC8jwIlPy0sB5VJfpJNu0v/5Ce3Thh9hPOCDxWMt cgFA/RSWu81E8lztGI8QbDW/EpmJYxo98csrdTH2SIBWUwgVfTrWtN3mg591ujxXTZUaTutN6JWtAJ9TOINaZANemn9bzIyrFRcI5Pg3CCOChxWYFEwyRdhUjpeAJvCmA881aC4G1aryxe06ZURzY31TyNdqfcTFSjn5ir zkwpw4ra9pfg/b1Bi/mVYCV2UyDVbL8pLSdHQZY10JCxnKOeeALPC/5WyCVhg6MsOfQnx9smPyXG7FXv+/VOjc7ipY5fskwPygcTkM+mQb6RH+oSR3+ScXJKr4E9wEVwHN+vRWrDJvCcPENz+AzNZrbY=</latexit><latexit sha1_base64="G7q8p+tT1mmEf+ihE25QR8VrIqk=">AAACOXicbVDLahtBEJxVnMTZvOTk6Mt gIcglYlcEkktAWJccFbBsg1ZZekez0qB5rGZ6E8Si38olf5GbwRcfbIyv/oGMHmBbTsFAUdVFT1dWSOEwis6C2pOdp8+e774IX756/eZtfe/dsTOlZbzPjDT2NAPHpdC8jwIlPy0sB5VJfpJNu0v/5Ce3Thh9hPOCDxWMt cgFA/RSWu81E8lztGI8QbDW/EpmJYxo98csrdTH2SIBWUwgVfTrWtN3mg591ujxXTZUaTutN6JWtAJ9TOINaZANemn9bzIyrFRcI5Pg3CCOChxWYFEwyRdhUjpeAJvCmA881aC4G1aryxe06ZURzY31TyNdqfcTFSjn5ir zkwpw4ra9pfg/b1Bi/mVYCV2UyDVbL8pLSdHQZY10JCxnKOeeALPC/5WyCVhg6MsOfQnx9smPyXG7FXv+/VOjc7ipY5fskwPygcTkM+mQb6RH+oSR3+ScXJKr4E9wEVwHN+vRWrDJvCcPENz+AzNZrbY=</latexit><latexit sha1_base64="G7q8p+tT1mmEf+ihE25QR8VrIqk=">AAACOXicbVDLahtBEJxVnMTZvOTk6Mt gIcglYlcEkktAWJccFbBsg1ZZekez0qB5rGZ6E8Si38olf5GbwRcfbIyv/oGMHmBbTsFAUdVFT1dWSOEwis6C2pOdp8+e774IX756/eZtfe/dsTOlZbzPjDT2NAPHpdC8jwIlPy0sB5VJfpJNu0v/5Ce3Thh9hPOCDxWMt cgFA/RSWu81E8lztGI8QbDW/EpmJYxo98csrdTH2SIBWUwgVfTrWtN3mg591ujxXTZUaTutN6JWtAJ9TOINaZANemn9bzIyrFRcI5Pg3CCOChxWYFEwyRdhUjpeAJvCmA881aC4G1aryxe06ZURzY31TyNdqfcTFSjn5ir zkwpw4ra9pfg/b1Bi/mVYCV2UyDVbL8pLSdHQZY10JCxnKOeeALPC/5WyCVhg6MsOfQnx9smPyXG7FXv+/VOjc7ipY5fskwPygcTkM+mQb6RH+oSR3+ScXJKr4E9wEVwHN+vRWrDJvCcPENz+AzNZrbY=</latexit><latexit sha1_base64="G7q8p+tT1mmEf+ihE25QR8VrIqk=">AAACOXicbVDLahtBEJxVnMTZvOTk6Mt gIcglYlcEkktAWJccFbBsg1ZZekez0qB5rGZ6E8Si38olf5GbwRcfbIyv/oGMHmBbTsFAUdVFT1dWSOEwis6C2pOdp8+e774IX756/eZtfe/dsTOlZbzPjDT2NAPHpdC8jwIlPy0sB5VJfpJNu0v/5Ce3Thh9hPOCDxWMt cgFA/RSWu81E8lztGI8QbDW/EpmJYxo98csrdTH2SIBWUwgVfTrWtN3mg591ujxXTZUaTutN6JWtAJ9TOINaZANemn9bzIyrFRcI5Pg3CCOChxWYFEwyRdhUjpeAJvCmA881aC4G1aryxe06ZURzY31TyNdqfcTFSjn5ir zkwpw4ra9pfg/b1Bi/mVYCV2UyDVbL8pLSdHQZY10JCxnKOeeALPC/5WyCVhg6MsOfQnx9smPyXG7FXv+/VOjc7ipY5fskwPygcTkM+mQb6RH+oSR3+ScXJKr4E9wEVwHN+vRWrDJvCcPENz+AzNZrbY=</latexit>
m3
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+1
<latexit sha1_base64="CdeJBi3eBF+I929Ez2/IdddnZ+A=">AAACOHicbVDLahtBEJy183A2DyvxMZchQmAwEbvGYF8CJ r7kZgciS6BVlt7RrDRoHquZXhux6LNy8WfkZnzJIcbkmi/I6AFKpBQMFFVd9HRlhRQOo+g22Np+9PjJ051n4fMXL1/t1l6/uXSmtIy3mJHGdjJwXArNWyhQ8k5hOahM8nY2Opv57StunTD6C04K3lMw0CIXDNBLae28kUieoxWDIYK15joZl9CnZ1/HaaXej6 cJyGIIqaIfFppeaTr0WaMHq2x4EKe1etSM5qCbJF6SOlniIq19T/qGlYprZBKc68ZRgb0KLAom+TRMSscLYCMY8K6nGhR3vWp++JQ2vNKnubH+aaRz9e9EBcq5icr8pAIcunVvJv7P65aYn/QqoYsSuWaLRXkpKRo6a5H2heUM5cQTYFb4v1I2BAsMfdehLyFe P3mTXB42Y88/H9VPPy7r2CFvyTuyT2JyTE7JJ3JBWoSRb+SO/CT3wU3wI3gIfi1Gt4JlZo/8g+D3H/oZrQo=</latexit><latexit sha1_base64="CdeJBi3eBF+I929Ez2/IdddnZ+A=">AAACOHicbVDLahtBEJy183A2DyvxMZchQmAwEbvGYF8CJ r7kZgciS6BVlt7RrDRoHquZXhux6LNy8WfkZnzJIcbkmi/I6AFKpBQMFFVd9HRlhRQOo+g22Np+9PjJ051n4fMXL1/t1l6/uXSmtIy3mJHGdjJwXArNWyhQ8k5hOahM8nY2Opv57StunTD6C04K3lMw0CIXDNBLae28kUieoxWDIYK15joZl9CnZ1/HaaXej6 cJyGIIqaIfFppeaTr0WaMHq2x4EKe1etSM5qCbJF6SOlniIq19T/qGlYprZBKc68ZRgb0KLAom+TRMSscLYCMY8K6nGhR3vWp++JQ2vNKnubH+aaRz9e9EBcq5icr8pAIcunVvJv7P65aYn/QqoYsSuWaLRXkpKRo6a5H2heUM5cQTYFb4v1I2BAsMfdehLyFe P3mTXB42Y88/H9VPPy7r2CFvyTuyT2JyTE7JJ3JBWoSRb+SO/CT3wU3wI3gIfi1Gt4JlZo/8g+D3H/oZrQo=</latexit><latexit sha1_base64="CdeJBi3eBF+I929Ez2/IdddnZ+A=">AAACOHicbVDLahtBEJy183A2DyvxMZchQmAwEbvGYF8CJ r7kZgciS6BVlt7RrDRoHquZXhux6LNy8WfkZnzJIcbkmi/I6AFKpBQMFFVd9HRlhRQOo+g22Np+9PjJ051n4fMXL1/t1l6/uXSmtIy3mJHGdjJwXArNWyhQ8k5hOahM8nY2Opv57StunTD6C04K3lMw0CIXDNBLae28kUieoxWDIYK15joZl9CnZ1/HaaXej6 cJyGIIqaIfFppeaTr0WaMHq2x4EKe1etSM5qCbJF6SOlniIq19T/qGlYprZBKc68ZRgb0KLAom+TRMSscLYCMY8K6nGhR3vWp++JQ2vNKnubH+aaRz9e9EBcq5icr8pAIcunVvJv7P65aYn/QqoYsSuWaLRXkpKRo6a5H2heUM5cQTYFb4v1I2BAsMfdehLyFe P3mTXB42Y88/H9VPPy7r2CFvyTuyT2JyTE7JJ3JBWoSRb+SO/CT3wU3wI3gIfi1Gt4JlZo/8g+D3H/oZrQo=</latexit><latexit sha1_base64="CdeJBi3eBF+I929Ez2/IdddnZ+A=">AAACOHicbVDLahtBEJy183A2DyvxMZchQmAwEbvGYF8CJ r7kZgciS6BVlt7RrDRoHquZXhux6LNy8WfkZnzJIcbkmi/I6AFKpBQMFFVd9HRlhRQOo+g22Np+9PjJ051n4fMXL1/t1l6/uXSmtIy3mJHGdjJwXArNWyhQ8k5hOahM8nY2Opv57StunTD6C04K3lMw0CIXDNBLae28kUieoxWDIYK15joZl9CnZ1/HaaXej6 cJyGIIqaIfFppeaTr0WaMHq2x4EKe1etSM5qCbJF6SOlniIq19T/qGlYprZBKc68ZRgb0KLAom+TRMSscLYCMY8K6nGhR3vWp++JQ2vNKnubH+aaRz9e9EBcq5icr8pAIcunVvJv7P65aYn/QqoYsSuWaLRXkpKRo6a5H2heUM5cQTYFb4v1I2BAsMfdehLyFe P3mTXB42Y88/H9VPPy7r2CFvyTuyT2JyTE7JJ3JBWoSRb+SO/CT3wU3wI3gIfi1Gt4JlZo/8g+D3H/oZrQo=</latexit>
−1<latexit sha1_base64="2JueCa1Tu/KcIxhvamROPRDvsS8=">AAACOHicbVDLSiNBFK1WZ9R2HlGXbgqD4EbpHoRxI4hu 3I3CJBHSmeZ2pToprEen6rYSmnyWGz/DnczGhSKz9QusPMAZnQMFh3Pu4dY9WSGFwyi6C+bmFz58XFxaDlc+ff7ytba61nSmtIw3mJHGnmfguBSaN1Cg5OeF5aAyyVvZxfHYb11y64TRP3FY8I6Cnha5YIBeSms/thLJc7Si10ew1lwlgxK69PjXIK3UzmC UgCz6kCp6MNX0q6ZDnzW695oNd+K0Vo92ownoexLPSJ3McJrWbpOuYaXiGpkE59pxVGCnAouCST4Kk9LxAtgF9HjbUw2Ku041OXxEt7zSpbmx/mmkE/XvRAXKuaHK/KQC7Lu33lj8n9cuMd/vVEIXJXLNpovyUlI0dNwi7QrLGcqhJ8Cs8H+lrA8WGPquQ1 9C/Pbk96T5bTf2/Gyvfng0q2OJbJBNsk1i8p0ckhNyShqEkWvymzyQx+AmuA+egj/T0blgllkn/yB4fgH9I60M</latexit><latexit sha1_base64="2JueCa1Tu/KcIxhvamROPRDvsS8=">AAACOHicbVDLSiNBFK1WZ9R2HlGXbgqD4EbpHoRxI4hu 3I3CJBHSmeZ2pToprEen6rYSmnyWGz/DnczGhSKz9QusPMAZnQMFh3Pu4dY9WSGFwyi6C+bmFz58XFxaDlc+ff7ytba61nSmtIw3mJHGnmfguBSaN1Cg5OeF5aAyyVvZxfHYb11y64TRP3FY8I6Cnha5YIBeSms/thLJc7Si10ew1lwlgxK69PjXIK3UzmC UgCz6kCp6MNX0q6ZDnzW695oNd+K0Vo92ownoexLPSJ3McJrWbpOuYaXiGpkE59pxVGCnAouCST4Kk9LxAtgF9HjbUw2Ku041OXxEt7zSpbmx/mmkE/XvRAXKuaHK/KQC7Lu33lj8n9cuMd/vVEIXJXLNpovyUlI0dNwi7QrLGcqhJ8Cs8H+lrA8WGPquQ1 9C/Pbk96T5bTf2/Gyvfng0q2OJbJBNsk1i8p0ckhNyShqEkWvymzyQx+AmuA+egj/T0blgllkn/yB4fgH9I60M</latexit><latexit sha1_base64="2JueCa1Tu/KcIxhvamROPRDvsS8=">AAACOHicbVDLSiNBFK1WZ9R2HlGXbgqD4EbpHoRxI4hu 3I3CJBHSmeZ2pToprEen6rYSmnyWGz/DnczGhSKz9QusPMAZnQMFh3Pu4dY9WSGFwyi6C+bmFz58XFxaDlc+ff7ytba61nSmtIw3mJHGnmfguBSaN1Cg5OeF5aAyyVvZxfHYb11y64TRP3FY8I6Cnha5YIBeSms/thLJc7Si10ew1lwlgxK69PjXIK3UzmC UgCz6kCp6MNX0q6ZDnzW695oNd+K0Vo92ownoexLPSJ3McJrWbpOuYaXiGpkE59pxVGCnAouCST4Kk9LxAtgF9HjbUw2Ku041OXxEt7zSpbmx/mmkE/XvRAXKuaHK/KQC7Lu33lj8n9cuMd/vVEIXJXLNpovyUlI0dNwi7QrLGcqhJ8Cs8H+lrA8WGPquQ1 9C/Pbk96T5bTf2/Gyvfng0q2OJbJBNsk1i8p0ckhNyShqEkWvymzyQx+AmuA+egj/T0blgllkn/yB4fgH9I60M</latexit><latexit sha1_base64="2JueCa1Tu/KcIxhvamROPRDvsS8=">AAACOHicbVDLSiNBFK1WZ9R2HlGXbgqD4EbpHoRxI4hu 3I3CJBHSmeZ2pToprEen6rYSmnyWGz/DnczGhSKz9QusPMAZnQMFh3Pu4dY9WSGFwyi6C+bmFz58XFxaDlc+ff7ytba61nSmtIw3mJHGnmfguBSaN1Cg5OeF5aAyyVvZxfHYb11y64TRP3FY8I6Cnha5YIBeSms/thLJc7Si10ew1lwlgxK69PjXIK3UzmC UgCz6kCp6MNX0q6ZDnzW695oNd+K0Vo92ownoexLPSJ3McJrWbpOuYaXiGpkE59pxVGCnAouCST4Kk9LxAtgF9HjbUw2Ku041OXxEt7zSpbmx/mmkE/XvRAXKuaHK/KQC7Lu33lj8n9cuMd/vVEIXJXLNpovyUlI0dNwi7QrLGcqhJ8Cs8H+lrA8WGPquQ1 9C/Pbk96T5bTf2/Gyvfng0q2OJbJBNsk1i8p0ckhNyShqEkWvymzyQx+AmuA+egj/T0blgllkn/yB4fgH9I60M</latexit>
0
<latexit sha1_base64="GYZtOKxdVoj4mjePUQUS71DnSC4=">AAACN3icbVDLShxBFK3W +Ej7Gs3STZFByCbSLYJuBNGNq2DAmRGmx+Z2TfVMYT16qm4rQzN/5cbfcBc3LhJCtvmD1DzA+DhQcDjnHm7dkxVSOIyiH8Hc/IeFxaXlj+HK6tr6Rm1zq+lMaRlvMCONvczAcSk0b6BAyS8L y0Flkrey69Ox37rh1gmjL3BY8I6Cnha5YIBeSmvfdhLJc7Si10ew1twmgxK69PRqkFbq62CUgCz6kCp6NNX0s6ZDnzW695wNo7RWj3ajCehbEs9IncxwntYekq5hpeIamQTn2nFUYKcCi4J JPgqT0vEC2DX0eNtTDYq7TjW5e0R3vNKlubH+aaQT9f9EBcq5ocr8pALsu9feWHzPa5eYH3YqoYsSuWbTRXkpKRo6LpF2heUM5dATYFb4v1LWBwsMfdWhLyF+ffJb0tzbjT3/vl8/PpnVsUy 2yWfyhcTkgByTM3JOGoSRO/JIfpJfwX3wFPwO/kxH54JZ5hN5geDvP3S0rNQ=</latexit><latexit sha1_base64="GYZtOKxdVoj4mjePUQUS71DnSC4=">AAACN3icbVDLShxBFK3W +Ej7Gs3STZFByCbSLYJuBNGNq2DAmRGmx+Z2TfVMYT16qm4rQzN/5cbfcBc3LhJCtvmD1DzA+DhQcDjnHm7dkxVSOIyiH8Hc/IeFxaXlj+HK6tr6Rm1zq+lMaRlvMCONvczAcSk0b6BAyS8L y0Flkrey69Ox37rh1gmjL3BY8I6Cnha5YIBeSmvfdhLJc7Si10ew1twmgxK69PRqkFbq62CUgCz6kCp6NNX0s6ZDnzW695wNo7RWj3ajCehbEs9IncxwntYekq5hpeIamQTn2nFUYKcCi4J JPgqT0vEC2DX0eNtTDYq7TjW5e0R3vNKlubH+aaQT9f9EBcq5ocr8pALsu9feWHzPa5eYH3YqoYsSuWbTRXkpKRo6LpF2heUM5dATYFb4v1LWBwsMfdWhLyF+ffJb0tzbjT3/vl8/PpnVsUy 2yWfyhcTkgByTM3JOGoSRO/JIfpJfwX3wFPwO/kxH54JZ5hN5geDvP3S0rNQ=</latexit><latexit sha1_base64="GYZtOKxdVoj4mjePUQUS71DnSC4=">AAACN3icbVDLShxBFK3W +Ej7Gs3STZFByCbSLYJuBNGNq2DAmRGmx+Z2TfVMYT16qm4rQzN/5cbfcBc3LhJCtvmD1DzA+DhQcDjnHm7dkxVSOIyiH8Hc/IeFxaXlj+HK6tr6Rm1zq+lMaRlvMCONvczAcSk0b6BAyS8L y0Flkrey69Ox37rh1gmjL3BY8I6Cnha5YIBeSmvfdhLJc7Si10ew1twmgxK69PRqkFbq62CUgCz6kCp6NNX0s6ZDnzW695wNo7RWj3ajCehbEs9IncxwntYekq5hpeIamQTn2nFUYKcCi4J JPgqT0vEC2DX0eNtTDYq7TjW5e0R3vNKlubH+aaQT9f9EBcq5ocr8pALsu9feWHzPa5eYH3YqoYsSuWbTRXkpKRo6LpF2heUM5dATYFb4v1LWBwsMfdWhLyF+ffJb0tzbjT3/vl8/PpnVsUy 2yWfyhcTkgByTM3JOGoSRO/JIfpJfwX3wFPwO/kxH54JZ5hN5geDvP3S0rNQ=</latexit><latexit sha1_base64="GYZtOKxdVoj4mjePUQUS71DnSC4=">AAACN3icbVDLShxBFK3W +Ej7Gs3STZFByCbSLYJuBNGNq2DAmRGmx+Z2TfVMYT16qm4rQzN/5cbfcBc3LhJCtvmD1DzA+DhQcDjnHm7dkxVSOIyiH8Hc/IeFxaXlj+HK6tr6Rm1zq+lMaRlvMCONvczAcSk0b6BAyS8L y0Flkrey69Ox37rh1gmjL3BY8I6Cnha5YIBeSmvfdhLJc7Si10ew1twmgxK69PRqkFbq62CUgCz6kCp6NNX0s6ZDnzW695wNo7RWj3ajCehbEs9IncxwntYekq5hpeIamQTn2nFUYKcCi4J JPgqT0vEC2DX0eNtTDYq7TjW5e0R3vNKlubH+aaQT9f9EBcq5ocr8pALsu9feWHzPa5eYH3YqoYsSuWbTRXkpKRo6LpF2heUM5dATYFb4v1LWBwsMfdWhLyF+ffJb0tzbjT3/vl8/PpnVsUy 2yWfyhcTkgByTM3JOGoSRO/JIfpJfwX3wFPwO/kxH54JZ5hN5geDvP3S0rNQ=</latexit> −→
<latexit sha1_base64="AFNWmRwyZN9vm8kCfHf+9KBznkI=" >AAACNHicbVDLahtBEJyV85CVhxX7mMsQYfDFYjcE4kvAxBeDLzJEkkGrLL2jWWnQPFYzvTZi0Uf54g/xxQRysDG++hsyeoATOQUDR VUXPV1pLoXDMPwVVDZevHz1urpZe/P23fut+oftjjOFZbzNjDT2LAXHpdC8jQIlP8stB5VK3k3HR3O/e86tE0b/wGnO+wqGWmSCAXo pqZ/sxpJnaMVwhGCtuYgnBQzo0c9JUqr9ySwGmY8gUfTbUtNPmq7F0ujhUzSpN8JmuAB9TqIVaZAVWkn9Oh4YViiukUlwrheFOfZLs CiY5LNaXDieAxvDkPc81aC465eLo2d01ysDmhnrn0a6UP9OlKCcm6rUTyrAkVv35uL/vF6B2UG/FDovkGu2XJQVkqKh8wbpQFjOUE 49AWaF/ytlI7DA0Pdc8yVE6yc/J53Pzcjz0y+Nw++rOqrkI/lE9khEvpJDckxapE0YuSQ35JbcBVfB7+A+eFiOVoJVZof8g+DxDyF6 rFc=</latexit><latexit sha1_base64="AFNWmRwyZN9vm8kCfHf+9KBznkI=" >AAACNHicbVDLahtBEJyV85CVhxX7mMsQYfDFYjcE4kvAxBeDLzJEkkGrLL2jWWnQPFYzvTZi0Uf54g/xxQRysDG++hsyeoATOQUDR VUXPV1pLoXDMPwVVDZevHz1urpZe/P23fut+oftjjOFZbzNjDT2LAXHpdC8jQIlP8stB5VK3k3HR3O/e86tE0b/wGnO+wqGWmSCAXo pqZ/sxpJnaMVwhGCtuYgnBQzo0c9JUqr9ySwGmY8gUfTbUtNPmq7F0ujhUzSpN8JmuAB9TqIVaZAVWkn9Oh4YViiukUlwrheFOfZLs CiY5LNaXDieAxvDkPc81aC465eLo2d01ysDmhnrn0a6UP9OlKCcm6rUTyrAkVv35uL/vF6B2UG/FDovkGu2XJQVkqKh8wbpQFjOUE 49AWaF/ytlI7DA0Pdc8yVE6yc/J53Pzcjz0y+Nw++rOqrkI/lE9khEvpJDckxapE0YuSQ35JbcBVfB7+A+eFiOVoJVZof8g+DxDyF6 rFc=</latexit><latexit sha1_base64="AFNWmRwyZN9vm8kCfHf+9KBznkI=" >AAACNHicbVDLahtBEJyV85CVhxX7mMsQYfDFYjcE4kvAxBeDLzJEkkGrLL2jWWnQPFYzvTZi0Uf54g/xxQRysDG++hsyeoATOQUDR VUXPV1pLoXDMPwVVDZevHz1urpZe/P23fut+oftjjOFZbzNjDT2LAXHpdC8jQIlP8stB5VK3k3HR3O/e86tE0b/wGnO+wqGWmSCAXo pqZ/sxpJnaMVwhGCtuYgnBQzo0c9JUqr9ySwGmY8gUfTbUtNPmq7F0ujhUzSpN8JmuAB9TqIVaZAVWkn9Oh4YViiukUlwrheFOfZLs CiY5LNaXDieAxvDkPc81aC465eLo2d01ysDmhnrn0a6UP9OlKCcm6rUTyrAkVv35uL/vF6B2UG/FDovkGu2XJQVkqKh8wbpQFjOUE 49AWaF/ytlI7DA0Pdc8yVE6yc/J53Pzcjz0y+Nw++rOqrkI/lE9khEvpJDckxapE0YuSQ35JbcBVfB7+A+eFiOVoJVZof8g+DxDyF6 rFc=</latexit><latexit sha1_base64="AFNWmRwyZN9vm8kCfHf+9KBznkI=" >AAACNHicbVDLahtBEJyV85CVhxX7mMsQYfDFYjcE4kvAxBeDLzJEkkGrLL2jWWnQPFYzvTZi0Uf54g/xxQRysDG++hsyeoATOQUDR VUXPV1pLoXDMPwVVDZevHz1urpZe/P23fut+oftjjOFZbzNjDT2LAXHpdC8jQIlP8stB5VK3k3HR3O/e86tE0b/wGnO+wqGWmSCAXo pqZ/sxpJnaMVwhGCtuYgnBQzo0c9JUqr9ySwGmY8gUfTbUtNPmq7F0ujhUzSpN8JmuAB9TqIVaZAVWkn9Oh4YViiukUlwrheFOfZLs CiY5LNaXDieAxvDkPc81aC465eLo2d01ysDmhnrn0a6UP9OlKCcm6rUTyrAkVv35uL/vF6B2UG/FDovkGu2XJQVkqKh8wbpQFjOUE 49AWaF/ytlI7DA0Pdc8yVE6yc/J53Pzcjz0y+Nw++rOqrkI/lE9khEvpJDckxapE0YuSQ35JbcBVfB7+A+eFiOVoJVZof8g+DxDyF6 rFc=</latexit>
e.g.
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FIG. 9. (a) Graphical representation of dark state equation
for a conjugate pair of states |gnem〉 and |gmen〉 for polariza-
tion q. (b) Reduction of triangle loop due to Eq. (D4). (c)
Reduction of square loop due to Eq. (D5).
For Eq. (D1) to be dark, each decay channel (|φf 〉 , q)
has to be either blocked by Pauli exclusion, or cancelled
out through interference between a pair of states. In the
latter case, for a given final state |gmgM−m〉 and decay
polarization q, the pair of interfering states is given by
|gmeM+q−m〉 and |em+qgM−m〉. Both these states can
decay to |gmgM−m〉 by emitting a photon with q polar-
ization. We call this pair of states a conjugate pair with
respect to q, or q-pair.
Interference happens between conjugate pairs of states.
For a conjugate pair in Eq. (D1) to interfere destructively,
it must fulfill (dropping the superscript of the amplitudes
for simplicity)
Dˆ−q (αM+q−m |gmeM+q−m〉+ αm+q |gM−mem+q〉) = 0.
(D2)
This implies that
CqM−m αM+q−m = C
q
m αm+q. (D3)
Note that the indices have to fulfill −fg ≤ m,M −m ≤
fg, and −fe ≤ m + q,M + q − m ≤ fe. Thus, every
distinct q-pair in Eq. (D1) gives rise to an equation of the
form (D3), and the whole system of equations is made of
intertwined pairs.
It is useful to graphically represent the system of equa-
tions by a network, see Fig. 9. Each node of the network
represents one of the Fock states involved in the superpo-
sition (D1) and is labelled by the index m of its amplitude
αm. Each line connecting two nodes has a polarization
q attached and represents an equation of the form (D3)
connecting the corresponding states of the nodes. The
network corresponding to each ansatz (D1) is connected,
22
and the total number of lines is equal to the total number
of equations to be solved. The network can in principle
have more lines than nodes, such that the system of equa-
tions appears a priori indeterminate.
Due to the properties of Clebsch-Gordan coefficients,
however, some equations are redundant and can be elim-
inated. Specifically, for the level structure f ↔ f + 1 one
can show that the Clebsch-Gordan coefficients fulfill the
3-state cycling property
C0m−1
C0m+1
C−m+1
C−m
C+m
C+m−1
= 1, (D4)
where |m±1| ≤ f , as well as the 4-state cycling property
C0m
C0n
C−n+1
C−m
C0m−1
C0n+1
C+n
C+m−1
= 1, (D5)
where |m|, |m−1| ≤ f , and |n|, |n+1| ≤ f . Note that the
properties (D4) and (D5) can be used to derive higher-
order cycling identities. For the level structure f ↔ f ,
the property (D4) is not valid, but the property (D5) is
fulfilled for n = −m, which is relevant for the M = 0
case.
Using Eqs. (D4) and (D5), one can show that the q-
pair equations involved in closed loops of the network are
not linearly independent. Therefore, one of the equations
forming the closed loop can be eliminated from the sys-
tem of equations, as shown in Fig. 9 for a triangle and
a square loop. Following this procedure iteratively, one
can reduce the number of lines in the network until the
number of lines is V − 1 for V nodes. Once this is done,
a unique solution to the system of equations represented
by the network can be straighforwardly found.
This can be used to prove that the states (21) and
(22) are the only dark states for n = 2. For this, one
can show first that for the multi-V level structure, and
for the multi- level structure with M = 0, all states in
the dark state superposition ansatz of Eq. (D1) have a
conjugate pair state to interfere with. In other words,
for these cases the system of equations Dˆ−q |D〉 = 0 is
made of a set of q-pair equations such as Eq. (D3). The
network associated to these equations can then be solved
as explained above.
Appendix E: Total angular momentum states for
identical particles
To find the allowed total angular momentum states
of n ≥ 3 identical fermions we employ the method de-
scribed in Ref. [47]. It consists of writing down all single-
particle Fock states allowed by the Pauli exclusion prin-
ciple, calculating their total angular momentum projec-
tion (M = m1 +m2 +m3 + . . .), and then inferring from
this the values of F associated with those same values
of M . For example, for n = 3 fermions with angu-
lar momentum fg = 3/2 we have four allowed states:
∣∣g−3/2 g−1/2 g1/2〉, ∣∣g−3/2 g−1/2 g3/2〉, ∣∣g−3/2 g1/2 g3/2〉,
and
∣∣g−1/2 g1/2 g3/2〉, with M = −3/2,−1/2, 1/2, 3/2, re-
spectively. Therefore, the total F must be 3/2, since it
leads to the same number of states (4) and same values
of M as in the single-particle basis.
When not all atoms are identical, we proceed in two
steps. First, we find the allowed total angular momenta
of the subset of atoms that are identical, i.e. that are
in the same orbital state g or e. Then, we combine the
result with the rest of the atoms using the usual rules
of angular momentum addition. For example, to find
out the allowed gge states, we first construct the states
|f12,M〉gg, where f12 can only be an even number be-
tween 0 and 2fg. Each value of f12 is then added to the
fe of the remaining atom, similarly to Eq. (16), to form
|(f12)F,M〉gge, where F = |f12 − fe|, . . . , f12 + fe.
Appendix F: Dark superposition of different f12
states
We provide here an example of how to explicitly con-
struct a dark state made of a superposition of differ-
ent angular momentum states. Specifically, we consider
n = 3 atoms with fg = 3/2 ↔ fe = 3/2. As argued
in the main text (Sec. IV E), there exists a dark state
superposition of the form
|DM 〉n=3{3/2,3/2} = α |(0)3/2,M〉gge + β |(2)3/2,M〉gge .
(F1)
Following the arguments of the main text, the values of
α and β depend only on reduced dipole matrix elements
and are hence independent of M . Therefore, we consider
M = 3/2.
Following the rules to construct states of App. E one
can show that
|(0)3/2, 3/2〉gge
=
1√
2
(∣∣g3/2 g−3/2 e3/2〉− ∣∣g1/2 g−1/2 e3/2〉) ,
(F2)
|(2)3/2, 3/2〉gge
=
1√
10
(
2
∣∣g−1/2 g3/2 e1/2〉− 2 ∣∣g1/2 g3/2 e−1/2〉
− ∣∣g−3/2 g3/2 e3/2〉− ∣∣g−1/2 g1/2 e3/2〉) . (F3)
Since we showed that all q = 0,±1 decay channels acting
on states with the same F are linearly dependent from
each other, we only need to consider one single q. Acting
with Dˆ−0 on |DM 〉n=3{3/2,3/2} we find
Dˆ−0
∣∣D3/2〉n=3{3/2,3/2} = (− 3√30α+ 35√6β
) ∣∣g1/2 g−1/2 g3/2〉 .
(F4)
Thus, α = β/
√
5. The normalized dark state is then
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given by
|DM 〉n=3{3/2,3/2} =
1√
6
(
|(0)3/2,M〉gge +
√
5 |(2)3/2,M〉gge
)
.
(F5)
It can be checked explicitly that this state indeed fulfills
Dˆ−q |DM 〉n=3{3/2,3/2} = 0 for all q and M .
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